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Abstract. We give a classification theorem for a class of C*-algebras which are direct 
limits of finite direct sums of fo-algebras. The invariant consists of the following: (1) the 
set of Murray-von Neumann equivalence classes of projections; (2) the set of homotopy 
classes of hyponormal partial isometries; (3) a map d; and (4) total A"-theory. 



INTRODUCTION 

The program of classifying all amenable C*-algebras was initiated by George Elliott. 
He's work involving AF-algebras has provided a foundation for other classification theorems. 
Elliott ^8; proved that the class of all AF-algebras are classified by their dimension groups. 
In 1993, Elliott [Sj classified another class of C*-algebras. He showed the class of all AT- 
algebras are classified by their Ki group and their ordered group Kq. This remarkable 
result lead to many classification results for separable amenable C*-algebras. See for 
references. Most of these results involved simple C*-algebras with stable rank one or purely 
infinite simple C*-algebras. 

In 1997, Lin and Su |2U] classified a class of (not necessarily simple) separable amenable 
C*-algebras with real rank zero that can be expressed as a direct limit of generalized Toeplitz 
algebras. The invariant used by Lin and Su consists of the following three objects: (1) 
V(A), the set of Murray-von Neumann equivalence classes of projections; (2) k(A) + , certain 
equivalence classes of hyponormal partial isometries; and (3) a map d : k(A) + — » V(A). 
Denote this invariant by V*(A). Lin and Su showed V* is a complete invariant for the class 
of all unital separable amenable C*-algebras with real rank zero that can be expressed as a 
direct limit of generalized Toeplitz algebras. 

14 was then used by Lin JJj to classify another class of (not necessarily simple) amenable 
separable C*-algebras. Its basic building blocks consists of C*-algebras that are finite direct 
sums of corners of unital essential extensions of (C(S' 1 )) by a non-unital Cuntz algebra 
O m <S> IC. Lin proved that all unital C*-algebras with real rank zero that can be expressed 
as a direct limit of these building blocks are classified by V*. Note by results of Cuntz (0 
and @j), O m <E) IC is a simple amenable separable C*-algebra with Ko(O m (g> fC) = Z/toZ 
and ki(0 m ®/C) = 0. 

In this paper, we consider C*-algebras which can be expressed as direct limits of finite 
direct sums of corners of unital essential extensions of Mk (C(S' 1 )) by a separable amenable 
purely infinite simple C*-algebra I in the bootstrap class Af. A C*-algebra of this form will 
be called an AE -algebra. We will classify a subclass of the class of all unital _4£-algebras 
with real rank zero. A C*-algebra in this subclass will be called an _4£rn a lg e bra. We will 
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show that the class of all unital _4£o-algebras with real rank zero are classified by V* and 
total A-theory. In addition, we will show that all unital AT-algebras with real rank zero 
and all the C*-algebras classified in [T7| are .4£o-algebras with real rank zero. Also, by a 
result of Kirchberg [T3[ (and independently by Phillips |2H]), the class of all unital separable 
amenable purely infinite simple C*-algebras with torsion free K\ in the bootstrap class M 
is contain in the class of all unital .4£o-algebras with real rank zero. 

The paper is organized as follows. In section 1, we give some definitions and basic 
properties. In section 2, we give perturbation lemmas that are used throughout the paper. 
In section 3, we introduce the invariant. In section 4 and section 5, we prove a uniqueness 
theorem and an existence theorem. In section 6, we prove our main result. 

Acknowledgements. The author would like to thank his Ph.D advisor, Huaxin Lin, for his 
guidance and support during the entire process of this paper. Most of this work appeared 
in the author's Ph.D thesis. The author would also like to thank N. Christopher Phillips 
for many useful conversations. 

1. DEFINITIONS AND BASIC PROPERTIES 

1.1. PRELIMINARIES. (1) Let A be a compact subset of S 1 . If z(t) = t for all t G X, 
then z is called the standard unitary generator for C(X). 

(2) For a unital C*-algebra E, set U(E) = {u 6 E : u unitary} and set 
U (E) = {ue U(E) : 3f G U(C([0, 1],E)) such that /(0) = l E and /(l) = u}. 

(3) C is a unital C*-subalgebra of a unital C*-algebra A if C C A and lc = I a- 

(4) The set of all *-homomorphisms from A to B will be denoted by Hom(A, B). 

(5) We write p ~ q if p is Murray-von Neumann equivalent to q. 

(6) An extension 0-^B-^E^A^Oof C*-algebras is said to be essential if for every 
nonzero ideal, J of E, we have J n i(B) ^ 0. If E is a unital essential extension of A by 
B, then E can be identified as a unital C*-subalgebra of M{B). Also, recall that every 
essential extension can be described by its Busby invariant te '■ A — > M{B)/B. 

(7) Suppose E is an extension of A by B. Then the exponential map and the index map 
associated to E will be denoted by 6$ and 8f respectively. 

(8) Let M be the bootstrap category of I2H1 and let V be the class of all / G M such that 
/ is a non-unital separable amenable purely infinite simple C*-algebra with A* (/) finitely 
generated. Let V\ be the class of all unital separable amenable purely infinite simple C*- 
algebras in M. 

(9) All semigroups have identities and all homomorphisms preserve identities. 

1.2. £- ALGEBRAS. 

Definition 1.1. Suppose E = pM n (E')p for some n e Z >0 and for some projection p G 
M n (E'). Suppose E' is a unital essential extension of C(S 1 ) by a C*-algebra J G P. Let 
7r be the quotient map induced by the extension E' . If 7r(p) = ^M n {c(s x )) or p G /, then 
E is said to be an f-algebra. If / G V and either Ki(I) = or Ki(I) is torsion free and 
ker^f 7^ {0}, then E is called an £ - a lg e bra. 

Proposition ll . 171 will show that pM n (E')p is an 8 -algebra for any projection p. 

Notation 1.2. Let E be an £-algebra. If E is not a unital purely infinite simple C*- 
algebra, then E is a unital essential extension of M n (C(S 1 )) by J, for some / G "P, n G Z>o- 
Denote / by 1(E) and denote M n (C(S' 1 )) by Q(E), If E is a unital purely infinite simple 

C*-algebra, then set 1(E) = E and set Q(E) — 0. If E = ®*L 1 E i: where each £7, is 
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an S-algebra, then set 1(E) — @ i=1 I(Ei) and set Q(E) — © i=1 Q(Ei). It is clear that 
-> 1(E) -> E -> Q(E) -> is exact. Hence £ejV since 1(E) and Q(E) are in TV. 

Proposition 1.3. Suppose E\ and E2 are finite direct sums of E-algebras. Letik : I(Ek) — » 
Ek be the inclusion map and let tt^ : Ej. — > Q(E^) be the quotient map for k — 1,2. 
If ip £ Hom(_E 1; E2), then there exist unique I(tp) G Hom(/(Ei), I(E 2 )) arl ^ Q(v) S 
Hom(<5(£' 1 ), Q(E 2 )) such that i 2 o I(ip) = ip o i 1 and Q(tp) o 7i"i = 7r 2 o 93. 

Proof. Since I(E{) is a finite direct sum of purely infinite simple C*-algebras and Q(E 2 ) is 
a finite C*-algebra, we have ?r2 ^ 'l = 0. Therefore, ran(y o ijj c ran(i 2 ). Hence, there 
exists 1(f) G Hom(I(Ei), I(E 2 )) such that o 7(y>) = </? o i x . The rest of the proposition 
now follows. □ 

Remark 1.4. Suppose Ei is an £-algebra and kerip ^ {0}. Then ran(y>oz 1 ) = {0}. Hence, 
there exists (/3qj G Hom((5(i? 1 ), E 2 ) such that (^Qj o m — tp and tt 2 o i^Qj = Q((p). 

Definition 1.5. If E is a direct limit of finite direct sums of ^-algebras, then E is called 
an _4£-algebra. If E is a direct limit of finite direct sums of £o-algebras, then E is called 
an ASo-algebra. 

Let E = \im(E n ,ip n ^ n+ i) be an AS -algebra. Set 1(E) = ]im(I(E n ),I((p ntn+ t)) and set 
Q(E) = hm(Q(E„), Q(</> n , n+1 )). Then -► /(E) -> E Q(E)*-^ is exact. 

Proposition 1.6. Proposition^^ is still true when E\ and E 2 are A£-algebras. 

Proof. Note that Q(Ex) and Q(E 2 ) are finite C*-algebras and I(E\), I(E 2 ) are direct limits 
of finite direct sums of purely infinite simple C*-algebras. Hence, arguing as in Proposition 
11.31 we get the desired conclusion. □ 

Proposition 1.7. Suppose E is an S-algebra such that Q(E) = Mk (C(S' 1 )). If e is a 
projection in E not in 1(E), then every projection p G M n (Q(eEe)) lifts to a projection in 
M n (eEe) for all n G Z>o- Consequently, Sq Ec = 0. 

Proof. By |3U1 1.2], RR(I(E)) = 0. The proposition now follows from Lemma 2.5, Lemma 
2.8, and Remark 2.9 in [25]. □ 

Proposition 1.8. Let O^B^B^A^Oka unital extension. Suppose 

(1) every hereditary C*-subalgebra of B has an approximate identity consisting of projec- 
tions and 

(2) every projection in A lifts to a projection in E. 

Supppose C is a unital C*-subalgebra of A such that C = M n (C). Let {eij}™, =1 be a system 
of matrix units for C . Then, there exists a system of matrix units in E such that 

1 e - 527=i e ™ e B - 

Effros 9.8] proved the above proposition when B is an AF-algebra. The key compo- 
nents of the proof are (1) and (2). 

Corollary 1.9. Suppose E is an E-algebra such that Q(E) = Mi (C(S' 1 )). Let e G E 
be a projection not in 1(E). Suppose is a system of matrix units for M n (C) C 

Q(eEe) = M n (C(S' 1 )). Then there exists a system of matrix units {eij}™ J=1 in eEe such 
that Tr(eij) — and e — 2i=i e a I (eEe). 

Proof. Since I(eEe) G V, by [3U| 1.2] and [1 2.6], J(eEe) satisfies (1) in Proposition Ol 
By Proposition ^21 eEe satisfies (2) in Proposition EHI D 
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Proposition 1.10. Let A be a unital amenable C*-algebra in M and let I G V. Let 

t : A — > M(I)/I be a unital monomorphism. Then, for any strongly unital trivial extension 
To, there exists u G U(M(I)) such that Ad(7r(w)) o t = t © tq. 

Proof. Since To : A — > M(I)JI is a strongly unital trivial extension, there exists a unital 
homomorphism a : A — > M (I) such that 7r o er = to. Choose isometries si, S2 G Af (!) such 
that 1 = sis\ + s 2 s 2 . Then t © to can be represented by 7r(si)T(o)7r(s*) + ir(s 2 )To(a)ir(s 2 ). 
Let Ei = tt- 1 (t(A)). Define n : Ei -> M(7) by 77(2;) = si^sj +s 2 (cro7r(a:))s| for all x £ E\. 
Since s 2 (cr o 7r(-))s||/ = 0, by gS] 8.3.1, pp. 125] (Q31 7(iii)]), there exists u 6 U(M(I)) 
such that 77(2;) — u*a;u G I for all x E Ei. Hence 7r(u*)T(a)7r(w) = (t © T )(a). □ 

Corollary 1.11. Let £7 and E' be two E-algebras such that Q = Q(E) = Q(E') and 
I = 1(E) ^ I{E'). If [t e ] = [t e >] in Ext(Q, I), then E ^ E' . 

The next two lemmas are well-known and we state it without proof. 

Lemma 1.12. Let I G V . Let E be a unital C*-subalgebra of M(I) which contains I as an 
essential ideal. Then every unitary in E / 1 lifts to a non-unitary isometry in E. 

Lemma 1.13. Let I £ V. Suppose E is a unital C*-algebra containing I as an essential 
ideal. Then, u G U(E/I) can be lifted to v G U(E) if and only if <5f([it]) = 0. Moreover, 
if E is an E-algebra and Q(E) = C(S 1 ), then E has a splitting if and only if [t e ] = in 
Ext(C(S' 1 ), 1(E)). 

Definition 1.14. Suppose I £ V. A unitary U G M(I) is quasi-diagonal if for every 
e > 0, there exist a sequence {ek}^i of mutually orthogonal projections and a dense 
sequence {\k}kLi in sp([/) such that 

(1) {/„ — y^fc—j e fe}^! is an approximate identity of I consisting of projections, 

(2) U - Y,kLi A fe e fe e ^ and 

(3) \\U-EZi^e k \\<e, 

where the sums converge in the strict topology. 

Proposition 1.15. Suppose I € V. Suppose E is a unital C*-subalgebra of M(I) that 
contains I as an essential ideal. Let ir : E — > E/I be the quotient map. If U G U(E) such 
that sp(£7) = sp(7r(J7)), then U is quasi-diagonal. Consequently, if E is an £-algebra such 
that E is a trivial extension, then E is a quasi-diagonal extension and every v G U(E) is 
quasi-diagonal. 

Proof. Choose a sequence {Xk}^ =1 in sp(U) such that for all n G Z >0 , the sequence {Xk}%% n 
is dense in sp(U). Let {pk}kLi be a sequence of mutually orthogonal projections in I 
such that {q n — Y^L=i P fc i^Li ^ s an approximate identity for I. Set U' = YlkLi XkPk, 
where the series converges in the strict topology. Then sp(-7r([/)) = sp(7r(i7')) = X C S 1 . 
Define a x ,a 2 : C(X) -> M(I) by 01(2) = U and a 2 (z) = U' . Let E x = C*(U,I) and let 
E 2 = C*(U', I). Let 81, s 2 G M(I) be isometries in M(I) such that 1 = sisl + s 2 s 2 . Define 
rji : Ei — » M(I) by r)i(x) = sixsl+ s 2 (a 2 oir(x))s 2 for all x G E\ and define 771 : E 2 — > M(I) 
by /72(a) = si(cti o 7r(a))s* + S2as2 for all a G E 2 . 

Note that ^(Z/) = n 2 (U'). By [23 8.3.1, pp. 125] (|£2 7(iii)]), there exist unitaries 
V, W G M(Z) such that ^(f/) - VW*|| < f, ||ry 2 (C/') - < f, r7i(f/)-VW* G /, 

and n 2 (U r ) - WU'W* G I. Therefore, U - V*WU'W*V G I and \\U — V*WU'W*V\\ < e. 
For all k G Z >0 , set e fc = V*Wp k W*V. 

The last statement follows from Lemma fl .131 and the above result. □ 

Lemma 1.16. Suppose E is an £-algebra such that Q(E) = C(S 1 ). Let ir : E — » Q(E) 
be the quotient map. Then K\(E) = Ki(I(E)) © ran^^i), where ran(7r* ! i) is generated by 
[7r(u)] for some u G U(E). 
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Proof. The lemma follows from the exactness of the six-term exact sequence in if -theory, 
5§ = (PropositionEt, and K 1 (C(S 1 )) = ([«]). □ 

Proposition 1.17. Let E be an £-algebra and let p be a nonzero projection in E. Then 
pEp is an E-algebra. Moreover, if E is an £o-algebra, then pEp is an £o-algebra. 

Proof. If p G 1(E), then pEp is a unital separable purely infinite simple C*-algebra in J\f 
such that K*(pEp) = K*(pI(E)p). Hence, pEp is an £ -algebra. 

Suppose p £ 1(E). Let }™ J= i be system of matrix units of M n (C^S 1 )) = Q(E). By 
Corollarv ll.9l there exists a system of matrix units {e^}™ ' - =1 C pEp such that 7r(ey) = 
and p — Yn=i e " ^ pI{E)p- Note that enpI(E)pen 6 "P. Hence, enpEpeu is an £- 
algebra with Q(enpEpen) = C(S 1 ). Then pE'p is isomorphic to qM n (E')q and qM n (E')q 
is an f-algebra, where /' = e\\pl(E)pe\\, E' = enpEpen, and q — X)"=i e ™- Note that 
I(E') = I(pEp). 

The last statement is clear from the above arguments. □ 

2. PERTURBATION LEMMAS 

We now give several lemmas that will play an important role in many of the proofs in 
the sequel. Let A be a unital C*-algebra. Denote the unit of M m (A) by l m . If m = 0, 
then lo = 0. If A is a non-unital C*-algebra, then A will denote the C*-algebra obtained 
by adjoining a unit to A. 

Lemma 2.1. Let A G T\ and let e > 0. Suppose 1*1,1*2 € U(A) such that [ui] = [1*2] in 
K X (A) and sup{dist(A, sp(uj)) : A 6 S 1 } < e for i = 1,2. Then, there exists W £ U(A) 
such that \\W*UiW - u 2 \\ < 3e. 

Proof. If [ui] = [1*2] = in K\(A), then the conclusion follows from [171 2.2]. If [m] 7^ in 
K\(A), then the conclusion follows from [lp, 3]. □ 

If E is a Hilbert A-module, let Ca(E) be the set of all module homomorphism T : E — > 12 
for which T has an adjoint T*. It is a well-known fact that Ca(E) is a C*-algebra with 
respect to the operator norm. Let x,y E E. Define 9 x . y E Ca(E) by 6 x . y (z) = x(y,z). 
Let K-a(E) be the C*-subalgebra of generated by the collection {@ x ,y}x,yeE- Then 

K,a(E) is an ideal of Ca(E). 

Definition 2.2. Let = ©jLj ^4 be the Hilbert ^-module of orthogonal direct sum of 
n copies of A. Ha will denote the following Hilbert A-module: 

< {a„} : a n E A and < o>%a>k \ converges in norm as n — > 00 > . 
I U=i J n =i J 

Proposition 2.3. /^O^) = M n (A) = /C A (v4 (n) ), 1C A (H A ) = A ® /C, and = 
M(A ® /C) for any C*-algebra A. 

For a proof of the above proposition see |28l 15.2.12]. We will use the above identifications 
throughout. Let 



/o ... i\ 
1 ... 
1 ... 



6 C A (A {n) ). 



\o ... 10/ 

Suppose /I is a unital C*-algebra. Let e,- = (0, . . . , 0, 1a, . . . , 0) be the element in A^ that 
has 1a in the i th coordinate. Then s n (ei) — ei+\ for all i = 1, 2, . . .n — 1 and s„(e„) = ei. 
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Note that s„ is a unitary in Ca(A^) = M n (A). Define the standard unilateral shift to 
be the element S G Ca(Ha) which sends {a n }^Li G Ha to {0, a\, a 2l . . . }. 



Lemma 2.4. Suppose that A is a unital C*-algebra. For any u G U(M m (A)) and for any 

u 

In— m 



integer n > ra, set w n 



Then 



sup (dist(A, sp(w Tl )) : A £ S 1 } < 



7T 

The above lemma was proved by Lin ^| 2.4] for the case Ki(A) = 0. By the proof, we 
see that the assumption K\{A) = may be omitted. 

Lemma 2.5. Let A e Pi. Then, for any e > and for any k G Z>o, there exists N > k 
such that for all n > N and for any u, v G U(Mk (A)) with [u] = [v] in Ki(A), there exists 
W G U(M n (A)) such that 

\\Wdi&g(u, l n ^ k )s n W* - diag(u, 

Proof. The lemma follows from Lemma 12.41 and Lemma 12. II □ 

Lemma 2.6. (R0rdam) Let A be a unital C*-algebra. Let I, k G Z>o and let m > k + 1. 
Suppose u G U(Alk (A)), v G U{A), and ui\ G U(M m (A)). Suppose that 

7 — 2ir 

||u>i diag(l;,i>, l m -i-x)s m w* x -diag(l ; ,u, l m _ fc -;) s m|| < — — ■ 
Then, there exists w G U(M 2m (^4)) such that wp 2m = p 2m w = p 2m and 

7 

||wdiag(l;,w, l 2m -i-i)s 2m w* - diag(li,u, l 2 m-fc-i) s 2m|| < y, 
where p 2m = diag(0, 0, . . . , 0, 1) G M 2m (A). 

Proof. Let n = 2m. Define X G M n (C) C M n (A) = C A {A {n ^) as follows: X &i = e 2i _i and 
^ej+m = £2i for 1 < i < to, where {et}f =1 is the standard orthonormal basis for C™. A 
direct computation shows that 



Xs n X* = 



where v \ — 





(° 







I 1-2 










12 




Vo 













1) 


. r 



(T ,1) 



l2\ 







unitary t>2 such that v l 2 = t>i and \\v 2 — 1 2 \\ < j. 

'•' ' •' J ,^l 2 ,.,l 2 )eM„(C). Then 
o i 2 \ 

\ 



Set z = diag(«i, v l 2 l ,v\ ,. 

/ o o 
/ v 2 o 



z Xa„X z = 



X z Xs„ X 



Vo 1 2 0/ 

Let z = {a(i,j)}^ =1 and let X*zX = j)}£ J=1 . Then 

6(Z + %, I + j) = a(2l + 2i - 1, 21 + 2j - 1) if i ^ j, 
to + / + j) = a(2i - 1, 2(1 + j)) = if < i < I and j > 0, and 
b[m + / + i, j) = a[2(l + i), 2j - 1) = if i > and < j < I. 
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Therefore 

/ B 




B* 





D" 
















C* 





1/ 

















x*zx = ° :' :: i „.,.! a . a 

\0 

where B, C, and D are in Mi (C). Hence, diag(l/, u, and diag(L, v, l„_;_i) commute 

with X*zX and X*z*X. Let w = X*zXdiag(wi, l m )X*z*X. Then, we have 
II * 1 1 77 

||TOdiag(lj,-(i,l„_(_i)s„tu - diag(l, , u, l„_ fc _,)s„ || < — 

+ 1 1 X * zX diag(u?i , Itti ) diag(l; , u, l n — ; — l ) diag(s m , s m ) diag(ujj , \ rn )X* z* X — diag(l$ , it, l n _fc_; )sn 

ir 7-2l II , „ II 

< — + +||X zJfdiag(l;,u,l Tl _^._j)diag(s TTl ,s TT1 )Jf zX — diag(l;,u,l Tl _^._j)s Tl || 

7T 7 — 27T 7T 7 

< - + + - = 

i I 11 

Finally, wp n = p n since JT*zXe„ = X*ze„ = X*e n = e n . □ 

Lemma 2.7. Let £> e V\ and set A = B Cg> K. Let E be the unital C*-subalgebra of M(A) 
generated by S and A, where S is the standard unilateral shift in M(A) = Cb{Hb)- Let 
7r : E — > E/A be the quotient map. Suppose T is an isometry in E such that 7r(T) = tt(S) 
and [1 — TT*] = [1 — SS*] in Kq{A). Then, for any e > 0, there exists w £ U(A) such that 
\\w*Tw - 5|| < e. 

Proof. Let p x = 1 - SS* = l B and q x = 1 - TT* . Since \p x ] = [q x ] in K (A), by [3]] 1-1], 
there exists a unitary wqo S A C E such that u^qPiWoo = ° l - ^ replacing T with wqqTwq , 
we may assume pi = q x . Let w = p x + T5*. Then «gi and uS = T. 

Let pi = p x Cg) e^i and let = S»=i Pit where i e ij}ij= x is the standard system of matrix 
units for /C. Choose m' £ Z>o such that -^j < e. Since {E n }^ =1 forms an approximate 
identity for A consisting of projections, there exist v £ U (A) and a positive integer L > m! 
such that (1) piV — vpi for i — 2, . . . , fc; (2) p x v = vp x = p x ; (3) v = vEj, + 1 — El; 
and (4) \\v — u\\ < |. Suppose there exists w £ U(A) such that \\w* Sw — vS\\ < |. Then, 
IIm;*^^; — T\\ < \\w* Sw — vS\\ + \\vS — T|| < e. Hence, by replacing T by vS, we may assume 
m = v. 

Let {ei}^ = {(1, 0, . . . ), (0, 1, 0, . . . ), . . . } be the standard orthonormal basis for Hb- 
Define a scalar matrix wo £ £b(Hb) as follows: 

Wo(ei) = e L+l+x for i = 1, 2, . . . , L + 1 
wo(e_L +4+ i) = ej for i = 1, 2, . . . , L + 1 
wo(e2L+2+i) = e 2 L+2+j for J = 1,2,... 

Note that w Q £ U(A) and w'qSw E l = Let u' = WqUWq. Then u' = E L + (E 2 l+2 - 

El)u' (E2L+2 — -El) + 1 — E 2 l+2- 

Set u" = pi + u'wqSwqS* . It is easy to check that u"S = WqTwq. Clearly, u"p x = 
Pi = p x u" . Note, for 1 < i < L, u'wqSwqS* (ej) = u'u^'S'woCei-i) = ^'^^(eL+i) = 
u'uiQ(eL+i+i) = u'(ei) — ei. Also, if i > 2L + 4, then u'wqSwqS* (e^) = it'wQ<5 f wo( e i-i) = 
it'iyo5(ei_i) = u'iWo(ei) = u'(ei) = e,. Therefore, u" = E L + (E 2 L+i - E L )u"{E 2L +i - 
El) + (1 — E 2 l+h). So, we may assume that u = u" . 

Let u x = (E2L+4 — El)u" (E2L+4 — El). Note that we may identify u x as an element 
in U(Ml+a (B)). By Lemma \'2. 51 there exist m > 2L + 4, a unitary w x £ M m (£?), and a 
unitary v £ B = pl+iApl+ x such that 

7 — 27T 

\\w x (E L + v + E m - E L+X )s m w\ - (E L + u x + E m - E 2L+ A)s m \\ < — - — . 
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By Lemma \'2. 61 there exists w 2 6 U(M 2m (B)) such that 

7 

|| 102 (-^i + v + E 2m - E L+1 )s 2m w* 2 - (E L + m + E 2m - E 2L+i )s 2m \\ < — 
and w 2 p 2m = P2mW 2 = p 2m - Set w 3 — w 2 + 1 - E 2m . Then wp 2m = p 2m . Thus 

w 3 (E L +v + l- E L+1 )Sw* 3 (l - E 2m -x) =(E L +v + l- E L+1 )S(l - E 2m -i). 

Note that w%E 2m -i = £2m-iw^2m-i and {E L +v + E 2m - E L+1 )s 2m E 2m ^i = (E L + 
v + 1 - E L+ x)SE2m-\- So, we have (E L + v + E 2m - E L+ i)s 2m w^E 2m ^i = (E L + v + 1 - 
EL+i)Sw^E 2m ^i. 

Let w = W3 diag(t>* , . . . , v*, 1, . . . ), where u* is repeated L — 1 times. Then w € C/(A) 
such that 

||io5io* - m5|| = \\(w 3 (E L + v + l- E L+1 )Swl - uS)E 2m _ 1 \\ 

< \\w 2 (E L + v + E 2m - E L+l )s 2m w 2 - (E L + ui + E 2m - E L+4 )s 2m \\ 
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Lemma 2.8. Let A be a separable purely infinite simple C*-algebra and let s,t be two non- 
unitary isometries in A (in A if A does not have a unit). Then, for any e > 0, there exists 
W E U(A) (or U(A)) such that \\W* sW - 1\\ < e. 

Proof. Suppose A is unital. Then the conclusion follows from Lemma 2.9 in |17j . Suppose 
A is non-unital. Since A is a separable C*-algebra with real rank zero, there exist a pro- 
jection e E A and non-unitary isometries s',t' E eAe such that ||s' + 1 — e — s|| < | and 
\\t' + 1 — e — 1|| < |. By the unital case, there exists w E U(eAe) such that ||w*s'ti; — f\\ < 
f . Let W = w + 1 - e £ U(A). Then ||W* sW - t\\ < e. □ 

Lemma 2.9. Let E be an £ -algebra. Then, for any e > and for any U\,U 2 E U(E) 
satisfying sp(J7i) = sp([/i) = S , tt(Ui) — ir(U 2 ), and [U{\ = [U 2 ] in K\(E), there exists 
W E U(l) such that \\W*UiW -U 2 \\< e. 

Proof. By Proposition ll.151 we may assume Ui = Y^kLi e k f° r 2 = 1,2, where the sum 
converges in the strict topology. Using a similar argument as in ^| 2.10], we get W E U(E) 
such that \\W*UiW -U 2 \\< e. □ 

Lemma 2.10. Let I £p. Let E be a unital C*-subalgebra of M(L) which contains I as an 
essential ideal. Suppose Si, S 2 are two non-unitary isometries such that it(Si) ~ tt(S 2 ) and 
[1 — SiS 1 ^] = [1 — S 2 S 2 ] = in Kq(I). Then, for any e > 0, there exists a unitary W <E I 
such that \\W*SiW - S 2 \\ < e. 



Proof. By Lemma ITT^l there exists U E U(E) and tt(U) = ir(S 2 ). By Proposition ll.151 

we may assume that there exists a sequence of mutually orthogonal projections {e n }'^L 1 
in / such that U = Yln=i Un, where U n E U(e n Ie n ) and the sum converges in the strict 
topology. 

Let T = J2n°=2 Un + v, where the sum converge in the strict topology and v E e\le\ such 
that v*v = ei and vv* ^ 0. Note that T*T = 1, XT* ^ 1, and tt(T) = tt(5i). Using the 
same argument as in [HI 2.11], there exists Wi E U(I) such that ||W*SiWi - T|| < §. Since 
tt(T) = 7r(5 2 ), we again get W 2 E U(f) such that \\W 2 *S 2 W2 - T|| < §. Let TU = WiWJ- 
Then ||W*5iVF-5 2 || <e. " □ 
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3. THE INVARIANT 

Definition 3.1. Let A be a C*-algebra. Let V(A) be the set of all Murray-von Neumann 
equivalence classes of projections in matrices (of all sizes) over A. If addition on V(A) is 
given by [p] + [q] = \p®q] for all [p], [q] S V(A), then V(A) is an abelian semigroup. 

If ip G Hom(A, B), then V(ip) will denote the induced homomorphism. 

Lemma 3.2. Let A be a C*-algebra such that A has an approximate identity consisting of 
projections. Then the map from the Grothendieck group ofV(A) to Kq(A) is an isomor- 
phism. 

For a proof of the above lemma, see ^ 5.5.5]. If A is a non-unital separable purely 
infinite simple C*-algebra, then A has an approximate identity consisting of projections. 
Throughout this section, [p] will denote the image of [p] in Kq(A). 

Lemma 3.3. Let E be an E-algebra with Q(E) — C(S 1 ). Then for every projection p G 
M n (E) not in M n (1(E)), there exist a projection e(p) E 1(E) and a positive integer n(p) < 
n such that p ~ © e(p). 

Proof. Since Q(E) = C(S 1 ), there exists a projection q E M n (C(5 1 )) such that n(q) = l rn 
and p ~ q. So, we may assume 7r(p) = l m = 7r(l m ). Since /(-E 1 ) has an approximate identity 
consisting of projections, there exists a partial isometry v E M n (E) such that w*w < l m , 
ww* < p, and it(v) = l m . Let e be a nonzero projection in L(E) such that [e] = in 
K (I(E)). By 4, 1.5], there exists e' G /(E 1 ) such that (l m - v*v) © e' ~ e. Hence, 
p ~ «*u © (p- to*) ~ l m ©e' © (p - ot*). □ 

Notation 3.4. (1) Denote the disjoint union of X\ and X2 by X\ U X2- 

(2) Suppose E is an f-algebra such that Q(E) ^ M n (C(S' 1 )) . If x G K (I(E)), then denote 

the image of a; in Ko(L(E))/ r&nSf by x. 

Theorem 3.5. (1) Let E be a separable purely infinite simple C*-algebra. Consider the 
abelian semigroup {0} U K$(E), where + x = x for all x G LCq(E). Then V(E) = 
{0} U Kq(E), where the isomorphism sends [0] to and sends [p] to [p] for every nonzero 
projection p. 

(2) Let E be an Z-algebra with Q(E) — C(S 1 ). Consider the abelian semigroup V = 
{0}UKo(L(E))\J (Z>o © (Kq(L(E))/ ranjf)), where addition is defined as follows: Addition 
in Kq(L(E)) and in Z>o © (Kq(I(E)) / ran 5^) are the usual addition in those semigroups. 
If x G K (I(E)) and (zt,z£) G 1 >0 © (K (I(E))/ ran 6? ), then x + (zi,!^) = [z\,zi + x). 
Suppose a : V(E) -> V is defined by a([p}) =0ifp = 0; a(\p]) = [p] Q if p G M n (1(E)) \ {0}; 
and <x([p\) = (n(p), [e(p)] ) otherwise, where p ~ l„( p ) © e(p) is i/ie decomposition given 
in Lemma \S.Si Then a is a well-defined isomorphism. Moreover, the natural map from 
V(I(E)) to V(E) is injective and a sends its image onto {0} U K$(I(E)). 

(3) Let E be a trivial extension with Q(E) = C(S 1 ). Then a in (2) gives an isomorphism 
from V(E) onto {0} U K (I(E)) © Z> . Moreover, the natural map from V(I(E)) to V(E) 
is injective and a sends its image onto {0} U Kq(I(E)). 

(4) Let E be an E-algebra. Then the map x to diag(x,0) induces an isomorphism from 
V(E) onto V(M n (E)). If p is a projection in M n (E) not in M n (1(E)), then the inclusion 
from pM n (E)p to M n (E) induces an isomorphism from V(pM n (E) p) onto V(M n (E)). 
Hence, V(E) is a finitely generated abelian semigroup. 

Proof. (1) is a consequence of ^ 1.4] and Lemma \'6. 21 
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It is easy to check that if p £ 1(E), q £ E, and p ~ g, then 5 <E /(-E). Therefore, 

V(E) = V(I(E)) U {[p] : p £ M n (E) \ M n (1(E)) for some n} 

a {0} U ICo(/(B)) U {[p] M„ (£) \ M n (1(E)) for some n} . 

(2) and (3) now follows from the exactness of the six-term exact sequence in i-C-theory 
and Lemma \3. 31 The last statement of the theorem is clear. □ 

Let A be a C*-algebra. An element s £ A is called hyponormal if s*s > ss* . For a 
unital C*-algebra A, let S n (A) be the set of all nonzero hyponormal partial isometries in 
M n (A). Let S(A) = |JS£=i S n (A), where we embed S n (A) into S n+ \(A) by sending s to 
diag(s, 1). 

Definition 3.6. For «i,«2 £ fin (A), we write v\ ~ V2 if and only if there exists m £ Z>o 
such that (1„ — + Ui) © l m is homotopic to (1„ — «2 U 2 + ^2) ® l m m *S'„ +m (A). Set 
k(A) + — S(A)/ ~. Let [s] fc denote the equivalence class represented by s. If addition is 
defined by [u] k + [v] k — [u®v] k , then k(A) + becomes an abelian semigroup. If A is a 
non-unital C*-algebra, then k(A) + = k(A) + . 

If ip £ Hom(A,B), then k(f) + will denote the induced homomorphism. 

Lemma 3.7. Let A be a unital C*-algebra. Then the following hold. 

(1) For all projections p,q £ M n (A), we have [p] k — [q] k . 

(2) If s is an isometry and u is a unitary, then [su] k = [s] k + [u] k = [us] k . 

(3) k(A) + — {[s] k : s is an isometry in M n (A) for some n £ Z>o}. 

The proof of the above lemma is easy and we leave it to the reader. 

Lemma 3.8. Let A be a unital C*-algebra. Suppose that s and v are isometries in A such 
that \\s -v\\< i7 | TT . Then [s] k = [v] k m k(A)+. 

Proof. Suppose s or v is in U(A). Then, s,v £ U(A) and s*v £ Uq(A) since \\s — v\\ < 
4y ^ +1 < 2- Thus, [v] k = [s] k in k(A) + . Suppose s and v are non- unitary isometries. Note 
that ||(1 - ss*) - (1 - vv*)\\ < 4 j^ +1 - Hence, there exists w £ U (A) such that ||1 - w\\ < 

4V2 1 ' w * (^~ vv*)w = 1 — ss* , and ||u>*vw — s|| < 2. Let x = w*vw. Then x is an isometry 
with 1 — xx* = 1 — ss* . Also, u = x* s £ U(A), xu — s, and ||1 — u|| < 2. Hence, by Lemma 
E3L[8] k = [w*vw] k = [v] k mk(A)+. □ 

Lemma 3.9. Let A be a unital C*-algebra. If [u] k = [s] k , where u £ U(A) and s is an 
isometry in A, then s £ U (A) . 

If l : Ki(A) — * k(A) + be the natural map, then 

k(A) + = b(K\(A)) U {[s] k : s non-unitary isometry in S(A)} . 

Moreover, 1 is injective and 1 is an isomorphism whenever A has cancellation. 

Proof. The first part of the lemma follows from Lemma 13.81 If A has cancellation, then 
every isometry is a unitary. Hence, by Lemma 13.71 1 is surjective. □ 

Lemma 3.10. Let E be an £-algebra such that Q(E) — C(S 1 ). Then there exist a projection 
e £ 1(E), an isomorphism I(rf) : 1(E) — > eI(E)e®lC, a monomorphism r\ : E — > M(eI(E)e® 
K,), and y £ E such that 7r(y) = z, rj(y) is the standard unilateral shift for eI(E)e ®K, = I, 
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and the following diagram commutes: 







1(E) 



E 



Q(E) 







Q(v) 







I 



M(I) 



M(I)/I 







Proof. Let T be a non-unitary isometry such that n(T) = z. Set e' = 1 - TT*. By [2J 2.6] 
and PHI 3.2(i)], there exists an isomorphism 7 : 1(E) — > e'I(E)e' ® /C. Hence, 7 extends 
to an isomorphism 7 from M(I(E)) onto M(e'I(E)e' ® /C). Set 77' = 7| B . Let S' be the 
standard unilateral shift for e'I(E)e' <S> JC = V . Let r and t' be the Busby invariants for 
the extensions C*(r)'(T), I') and C*(S',I') respectively. Since [1 - S'(S')*} = [e'\ = 5f ([«]), 
we have [t] = [r'] in Ext(C(S' 1 ), 1(E)). By Proposition ll.lOl there exists a unitary G 
M(e'I(E)e' ® K) such that n(WS'W*) = z. Let S = WS'W*, let e = We'W*, and let 
= Ad(W) 077'. □ 

Lemma 3.11. Let E be an E-algebra such that Q(E) = M n (C^S 1 )). Suppose S and T are 
two non-unitary isometries. Then [tt(S)\ = [tt(T)] in K\(Q(E)) if and only if [S] k = [T] k 
in k(E) + . 

Proof. If [S] k = [T] k , then by LemmaEl [tt(S)} = [ir(T)] in K 1 (Q(E)). Suppose [tt(S)\ = 
[tt(T)] in Ki(Q(E)). Then there exists w G U (E) such that 7r(5) = n(wT). By Lemma 
l3~71 [wT] k = [T] k . Hence, we may assume tt(S) = ir(T). 

Let < e < j^j- Suppose [1 - 55*] ^ 0. Then C*(S,I(E)) is a unital essential 
extension of C(S V ) by /(£). By Lemma l3~TUl ir(T) = n(S) = tt(5i), where 5i is the 
standard unilateral shift of eI(E)e ® JC = 1(E). Applying Lemma [2.71 to T and Si, then 
to S and Si, there exists v G U(I(E)) such that \\v*Sv - T|| < e. Suppose [1 - SS*] = 0. 

Then by Lemma |2~TUI there exists v G U(I(E)) such that \\v*Sv — T\\ < e. Hence, in either 
case, by Lemma I3~%1 and Lemma l3~7l [S] fe = [T] k . □ 

Note that in the proof of the above lemma we proved the following. 

Proposition 3.12. Let E be an E-algebra such that Q(E) S M n (C^S 1 )). Let e > 0. // 
S and T are two non-unitary isomerties in E such that n(S) — 7r(T), then there exists 

w G Uijijf)) such that \\w*Sw - T\\ < e. 

Theorem 3.13. (1) Let E be a purely infinite simple C*-algebra. Consider the abelian 
semigroup Ki(E)U{S}, where addition is defined as follows: If ' x G K\(E), then x + nS = S 
for all 11 £ It. Addition in K\(E) is the usual one. Define a : k(E) + — > K\(E) U {<S} 
by ct([s\ k ) = [s] if s is a unitary and a([s] k ) — S otherwise. Then a is a well-defined 
isomorphism. 

(2) Let E be an E-algebra with Q(E) = C(S ) and E is a trivial extension. Consider 
the abelian semigroup G = {(x, y) : x G k(I(E)) + and y G Z} with coordinatewise addition. 
Then there exists an isomorphism from k(E) + onto G. Moreover, the map from k(I(E)) + 
to k(E) + is infective and a sends its image onto {(a;,0) : x G k(I(E)) + }. 

(3) Let E be an E-algebra with Q(E) — C(S 1 ) and E is a non-trivial extension. Consider 
the abelian semigroup K\(E) U Z with addition defined as follows: if x G K\(E) and n G Z, 
then x + n = m + n where m — tt*,i(x) G K\(Q(E)) = Z. Addition in Ki(E) and in Z are 
the usual addition in those semigroups. Then there exists an isomorphism a from k(E) + 
onto K\(E) U Z. Moreover, a sends the image of the natural infective map from k(I(E)) + 



to k(E) + onto K X (I(E)) U {0}. 
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(4) Let E be an E-algebra. Then the map x to diag(a;, 1) induces an isomorphism from 
k(E) + onto k(M n (E)) + . If p is a projection in M n (E) not in M n (1(E)), then the inclusion 
from pM n (E)p to M n (E) induces an isomorphism from k(pM n (E)p) + onto k(M n (E)) + . 
Hence, k(E) + is a finitely generated abelian semigroup. 

Proof. (1) follows from Lemma \'2. 81 Lemma \'6. 81 and Lemma 1X71 

(2) Let s be a non-unitary isometry in M n (E). Since E is a trivial extension and ir(s) 
is a unitary in M n (C(S' 1 )), there exists u £ U(M n (E)) such that 7r(s) = n(u). Hence, su* 



is a non-unitary isometry in M n (J(E)J. So, [s] k ~ [su*] k + [u] k in k(E) + . Note that this 
decomposition is unique. 

Let /? be the isomorphism from K\(E) onto K\(I(E)) © Z. Define a : k(E) + — » 
k(I(E)) + © Z by a([u>] fc ) = /3([u]) if w is a unitary. If w is a non-unitary isometry in 
M n (E), then by the above observation [w} k = [s] k + [u) k for some u € U(M n (E)) and non- 
unitary isometry s £ M n \ I(Ey\. Define = ([s] k , [u]), where [s] k is now considered 

as an element in k(I(E)) + . Then a is a well-defined isomorphism with the desired property. 

(3) By Lemma r3.11l {[s] k : s is a non- unitary isometry in S(E)} = Z, where the isomor- 
phism is induce by n. Define a : k(E) + —* K\(E) U Z by a([s] fe ) = [s] k if s is a unitary and 
a([s] fe ) = [7r(s)] otherwise. Then a is a well-defined isomorphism with the desired property. 

The last statement of the theorem is clear. □ 

Corollary 3.14. Let E be an £-algebra such that Q(E) = M n (C(S r )). If k(E) denotes 
the Grothendieck group of k(E) + , then ir : E — > Q(E) induces an isomorphism from k(E) 
onto Ki(Q(E)). 

Proof. By Lemma 1331 k(Q(E)) + = Z and by Theorem l3~13l k(E) S Z. It is now easy to 
see that it induces an isomorphism from k(E) onto Ki(Q(E)). □ 

Definition 3.15. Let A be a C*-algebra and let 



Define d : k(A) + — » V(A) by d([u] k ) = [u*u - uu*]. A homomorphism a : V(A) — > V(B) 
consists of two homomorphisms a v : V(A) — > V(B) and ctk ■ k(A)+ k(B)+ such that if 
"(Wfc) = Mfc> then ol v ([s*s\) = [v*v\. 

Lemma 3.16. Let A be a C*-algebra. Define 9^ : V(A) V(A) by 9^([p]) = (\p],0) 
and define Q k : k(A) + — > V(A) by Q k ([s] k ) — ([s*s], [s] k ). Then and Q k are injective 
homomorphisms. Using 0^ and Q k , we may identify V(A) and k(A) + as subsemigroups of 
V(A). 

The proof of the above lemma is easy and we leave it for the reader. 

Lemma 3.17. Let E be a finite direct sum of £- algebras. Let n : E — > Q(E) be the quotient 
map. Then d = o k(n)+. 

Proof. This follows from the definitions of d and <5f . □ 
Definition 3.18. Define V*(A) to be the set of triples 




V(A) = {([u*u], [u] fc ) : u 6 S(A)} c V(A) © k(A) 



{([u*u],[u} k ,d([u} k j) : ueS(A)}cV(A)(Bk(A) + (BV(A). 



EXTENSIONS OF CIRCLE ALGEBRAS BY PURELY INFINITE C*-ALGEBRAS 



13 



Let A and B be two C*-algebras. A homomorphism r\ : V* (A) — » K (S) is a homomor- 
phism ry : V(A) — > V(B) for which the following diagram commutes: 

k(A) + ^Uv(A) 
k(B) + ^^V(B) 

If ip S Hom(vl, S), then ^3 induces a homomorphism V*(<^) : 14(A) — > 14(B). 

Lemma 3.19. Let -E and £" 6e two finite direct sums of £- algebras. 

(1) Suppose a : V(E) — > V(-E') is a homomorphism. Then, a v maps V(I(E)) to V(I(E')) 
and ak maps k(I(E)) + to k(I(E')) + . 

(2) If i] : V*(E) — » V*(E') is a homomorphism, then rj induces a homomorphism from 
V*(I(E)) to V*(I(E')). Also, if 1 : K X (E) -> k{E)+ and 1! : Ki(E') -► k(E% are the 
injective homomorphisms given in Lemma \3.{A then rjk '■ k(E) + — > k(E') + maps l(K\(E)) 
to l'{K x {E')). 

Proof. (1) Using the identifications in Theorem 13.51 and Theorem 13.131 and all semigroup 
homomorphisms are assumed to preserve identities, one easily checks that a v maps V(I(E)) 
to V(I(E')) and a k maps k(I(E)) + to k(I{E'))+. 

(2) The first part of (2) follows from (1). Let tt : E -> Q(E) and vr' : E' -> Q(B') be 
the quotient maps. Suppposc u G U(M n (E)) and = [s] fc for some isometry s £ 

M m (E'). Then - l m -ss*. Hence, ss* = l m . Thus, n k maps t(ifi(-B)) to l'(Ki(E')). □ 

Let -Ei and E2 be finite direct sums of £-algebras. Then Ei is an extension of Q(Ei) by 
I{Ei). By Proposition 1 1.71 5^ = 0. So, the six-term exact sequence in if-theory associated 
to Ei has the form 

-f K^IiEi)) - i^LE*) -f K^Ei)) -» K (I(Ei)) -» -» K a {Q{Ei)) -> 

Denote this exact sequence by K(_E^). A map from K(£i) to K(£«j) consists of six group 
homomorphisms a = {aj}f =1 such that the following diagram commutes: 

K 1 (I(E 1 )) A'i ) >- A" 1 (Q(£'i)) >- K a (I(E 1 )) >- A' (£i) >- K (Q(E 1 )) 

Ql C*2 C«3 0:4 Ct5 Qfi 

K 1 (I(E 2 )) Ki (E 2 ) >- K^QiEi)) K a (I(E 2 )) >- K a (E 2 ) K {Q{Ei)) 

Let E be a unital extension of Q(E) by 1(E). Set 

T={(x,y) : x e K Q (Q(E)) + ,y G Kx(Q(E))\ if x = 0, then y = 0} . 

Let K*(Q(E)) denote the graded group Kq(Q(E)) © K\(Q(E)) with the partial order gen- 
erated by r. By Proposition ll.3l any homomorphism if : E\ — > E2 between two direct sums 
of f-algebras induces a map from K.(Ei) to K(_E 2 ) such that © preserves the 

order. 

Using a similar method as in Section 1.16 in ^7] we get the following. 

Proposition 3.20. Let E\ and E% be two finite direct sums of £ -algebras. Suppose rj : 
V*(E\) — > 14 (.E2) is a homomorphism. Then rj induces a map {af\^ =1 from K(i?i) to 
K^E^) such that ae © 03 preserves the order. 
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Let E be an _4£-algcbra. It is easy to check that Sq — 0. Hence, if E and E' are two A£- 
algebras, then a map from K(i?) to H(E') is defined exactly the same way as for ^-algebras. 
Note that by Proposition 11.61 any homomorphism ip : E — ► E' between two A£ -algebras 
induces a map from K(E) to 'K(E'). 

Proposition 3.21. Let E = Hm(Ei, Pi.i+i) an d E' — lim(E' i , if'} be unital AS-algebras. 

Let a : V*(E) — > V Sf {E r ) be a homomorphism. 

(1) a induces a commutative diagram 

K (E,) K (E 2 ) V, (E) 

V* R, ) v * (E' m2 ) V* (E') 

for some increasing sequence of natural numbers {mk}^i- 

(2) There exists a unique map {aj}f =1 from K(-E) to H(E') induced by a. 
Furthermore, the map ae © from K*{Q{E)) to K*{Q{E')) preserves the order. If 

Q^QI-e]) = \\e'\) then may be chosen such that al^Ql^J) = \}-E' m .] f or a ^ 

Proof. Let [0] denote the identity of V{E), V(E'), V{E n ), and V(E' n ). Note that V*(E) = 
lim(K(-Ei), and = Hm(V*(.E^), ^(Vi.i+i))- Denote the maps from 

to F(£„), from k{E' n )+ to from fe(J5)+ to V(E), and from fc(£')+ to V(-E') by rf„, 

djj, d, and d' respectively. We will show that there exists mi £ Z>o and a homomorphism 
aW : V*(Et) — > \4(-E mi ) such that a o Vi(v7i )00 ) = ViCvd.oo) o Note that we may 

assume E\ has only one summand and E\ is note a unital purely infinite simple C*-algebra. 
Case 1: Suppose E\ is a non-trivial extension. Then k(Ei) + = K\{E{) LiZ and V(i?i) = 

{[0]} U K (I(E 1 )) U ((Ko(I{Ei))/ rantff 1 ) Z> ). Let s x , s 2 , and s 3 be non-unitary 
isometries in E\ such that [si] k — 1, [sa] fc = — 1, and [ss] fc = 1 — 1 = 0. 

Suppose a v o ^(vi, 00 )|v(/(£; 1 )) = [0]. For each n £ Z>o, choose x„ £ F(£yJ such that 
v (f'n,oo)( x n) = Oi v oV(ipi >oo )((0, 1)). Define a ljn from V(£?i) to V(-E n ) by ai^lv^j)) = [0] 
and ai }n ((a, k)) = kx n . It is clear that a\^ n is a homomorphism such that a v o V^yi^oo) — 

^(^« : oo) °"1,«- 

Since K\(Ei) is a finitely generated abelian group, there exists n 2 £ Z>o such that for all 
n > n 2 , there exists a homomorphism 71, n : K\{E\) — > K\(E' n ) with afeofe(<^i )00 )-|_|^ 1 (£; 1 ) = 
(^n,oo)*,i 7i,n< Note that ran(a fe o k(<pi >00 )+) C Ki(E') since a„ o V r (</Ji, 00 )|v'(.r(E 1 )) = 
[0]. Let (a k o fc((^i :OC ) + )([si] fc ) = and (a k o fc(v3i :00 ) + )([s 2 ] fe ) = [i 2 ] fc , where i' 1; i 2 £ 
17 (M n (£")). Note that [ti] fe + [t 2 ] fc = in 7^(75'). Therefore, there exists n 2 £ Z >0 such that 
for all n > n 2 , there exist y n ,i £ i^i(^) with (a k o fe(¥>i,<»)+)(Mk) = fe (^n,oc)+(yn,i) f° r 
i = 1,2 and y n ,i+3/n,2 = in K\{E' n ). Define /3i,„ : k{Ei) + -> k(E' n ) + by /Si.nl^^) = 71, „ 
and /3i,„(£i [si] fe +^ 2 [s 2 ] fe ) = ^iy„,i +4y n ,2 for alUi,£ 2 £ Z >0 . 

Choose mi = max{ni,n 2 }. Set aS 1 ' — (ai, mi , /3i, mi ). Then a^ 1 ^ : K(£?i) — > ^(iJ^J is a 
homomorphism. Note that {d! /3i, mi )([si] fc ) = (ai, mi ° di)([sj] fe ) = [0]. Therefore, w- 1 ' 
is the desired homomorphism. 

Suppose a v o V"(^i )0O )|wi(.Ei)) ^ M- It is easy to see that there exists m £ Z>o such 
that for all n > ni, there exists a homomorphism a\' n : Vi(J(Si)) — » V^(/(£ , J ' l )) with 
Vi(/(Vn,oo)) a i ™ = a lu,(/(Bi)) K(^(</?i,oo))- By Proposition 13.201 induces a ho- 
momorphism Xi >n : Ki(I{Ei)) —> Ki(I(E' n )) for i = 0, 1. Also, a[' n induces two homo- 
morphisms a{ n ' v : V(7(£?i)) -» V r (/(^)) and a('"' fc : k(I(E 1 )) + -» k(I(E' n )) + . Since 
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ran(a{'™' ,; o d\) is finitely generated, we may choose n\ such that ran(a{' n,t ' o d\) C ranci^ 
for all n > n\. Since V(E\) and k(Ei) + are finitely generated, there exists 77 2 > n\ such 
that ran(a o V«{<pi,oc)) C ran(V*(^4 oc )) for all n > n 2 . Note that ran(a{'™' 1 ' o d\) c rand^ 
for all n > U2- Therefore, for all n > ri2, the homomorphism Aq n induces a homomorphism 



Ao, n : Kq{I(E\))/ ran (5^ — > Ko(I(E' n ))/ ran<5^ n such that the diagram commutes 



^o(/(Si)) ■ 



Ao,> 



#o(/(£i))/ran<Sf 



■K (I(E' n )) 



-K (7(K))/ran5 1 " 



For each n > n 2 , choose x„ S V(E' n ) such that a„ o V(y>i jao )((0, 1)) = oo)( x ™)- Define 

ai jV , n : V(2?i) -> V(£^) by ai,u, n |v(7(£;i)) = a i' n ' V and ai,t>,«((a, &)) = V( s ) + kx ™ for 
fc G Z>o- Then, ai jVin is a homomorphism such that V((p' n ^ o oti tVtn — a v o V(<^i,oo). 

Since Ki(E\) is finitely generated, there exists 713 > n 2 such that for all n > 773 we have 
a homomophism /3i,„ : Ai(2?i) -> Ai(£^) with a fc o fc(^i,oo)+lKi(.Ei.) = (</4,oo)*,i o /3 1)Tl 
and /Ji.nl/f! (/(Ex)) = Ai :n . Also, there exists 774 > 773 such that for all n > 774, there exist 
yi,n,V2,n G K E 'n)+ witn ("fe K ( fi.oo)+){[si] k ) = fc(^n,oo (&>))+ and 2/i,« + 2/2,n is the 
identity of the subsemigroup k(E' n ) + \ K\{E' n ). 

Define cti t k, n ■ K E i)+ ~* K E 'n)+ b y a i,fc|ifi(,Ei) = 0i,n and ai tk , n {h [si] k + h [s 2 ] fc ) = 
£iUi,n + tiVi,n for all ^1,^2 S Z>o. Then ai^n is a homomorphism such that o 
ai.fc.n = fc(vi.oo)+ CKfc- Note that there exists mi > 77.4 such that (V(ip' n m ) o ai yV ^ ni o 

d i)(hU = (^«, mi )<4)(» ; "4)- Hence, a (1) = (V(^ 4)TO J o ai,„, n4 , fc(p 7Ul m 1 )+ A,n 4 ) 
is the desired homomorphism. 

Case 2: Suppose E\ is a trivial extension. Then k{E\) + = k(I(Ei)) + Z and V(£a) = 
{[0]} U (i<o(/(£a)) ©Z>o). This case is proved in a similar fashion as in Case 1 but it is 
easier. 

Next, starting with E2, there exist m' 2 > ra\ and a homomorphism 0^ : y*(A 2 ) — » 
V*{E' m , ) such that aoT4(<^2,oo) = V*(<p' m , oc ) o/?( 2 ). Hence, there exists m 2 > m 2 such that 

Then, the following diagram commutes: 



^(W°^(<J « (,) =^(^, m> )°i8 (2)o ^(M- L ^ « (2) 



* \ rmL .mo / " 



K(^i) w • ' » y.(£ 2 ) — . 



Continuing this process, we get the desired result. 



V t (E') 



□ 



Let C n be the mapping cone of the degree n map 8 n : Co((0, 1)) — > Co((0, 1)). Then 
C„ e A/", A (C„) = Z/nZ, and A'i(C„) = 0. The total A-theory of A is defined to be 
= 0^=o K *( A ; Z/nZ), where A* (A; Z/nZ) = A* (A ® C„) for 71 > 2, A*(A; Z/1Z) = 
A* (A), and A* (A; Z/OZ) =0. It is a Z/2Z x Z>o graded group. Let A denote the category 
of Bockstein maps. Denote the group of all Z/2Z x Z>o graded group homomorphisms 
which are A-linear by HoniA (K(A), K(B)). See jS] Section 4] for more details. 



16 



EFREN RUIZ 



Consider the following extension of C*-algebras 0-^B^E^A^O. Let <p n = <p(g)idc n 
and let ip n — ip® idc„ . Since C n is amenable, we have the following six-term exact sequence: 

K (B; Z/nZ) — - — *- K (E; Z/nZ) — K (A; Z/nZ) 



K"i(A;Z/nZ) ■ 



■K^Z/nZ) ■ 



(*>»).,: 



■isTi(B;Z/nZ) 



It is easy to check that if E is a finite direct sum of £ -algebras or an A£ -algebra, then 
Sq® = for all n. Hence, if E is an £-algebra or an „4£-algebra, then set 



K{E)= Ik(B), K(E), K{A), @(( ¥ >„),,o ffi (¥*).,!), @(«%)* © «vO*,l), 05f® C " 



Definition 3.22. Let £7 and E' be two finite direct sums of f-algebras or E and E' are 
A£-algebras. Then a homomorphism 77 : K(E) — > K(E') is a system of A-linear maps, 
7?! : - K(I(E')), m : K{E) -» ££(£'), and % : K(Q(E)} -> K(Q(E')), making 

the obvious diagrams commute. 

The invariant used to classify all unital _4£o-algebras with real rank zero is (V*(.E), K(E)). 
A homomorphism 77 : (V* (£?i), if (£a)) — ► (V* (-£2), K(Ez)), where each Ei is a finite direct 
sum of £-algebras, is a system of two homomorphisms r]\ : V*(Ei) — > ^(E^) and 772 : 
K(Ei) — > K(E 2 ) such that the following diagrams commute: 

^if»(/(Bi)) i£(.Ei) >.Jf.(Si) i£(Q(-Ei)) s-if,(Q(Ei)) 
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(0.2,0.5) 


1 2 




(03 



















K(I(E 2 )) *-if,(I(S 2 )) K(B 2 ) >K,(E 2 ) K(Q(E 2 )) > K,(Q(E 2 )) 

where the horizontal maps are the projection maps and {ai}^ =1 are the unique maps (in 
Proposition ^. 20|l induced by 771. If E and E' are two unital _4£-algebras, then a homomor- 
phism from (V*(E), K(E)) to (V*(E'), K(E')) is defined similarly but now we use Propo- 
sition O^n] to get the unique maps {a,}f =1 . By Proposition ll.31 and by Proposition if 
ip £ Hom(E, E'), E and E' are £ -algebras or A£ -algebras, then ip induces a homomorphism 
[<p] ■ (V*(E),K(E)) -+ (V*(E),K{E)). 

4. THE UNIQUENESS THEOREM 
4.1. AUTOMORPHISMS. 

Definition 4.1. Let E be a C*-algebra. Denote the group of all automorphism of E by 
Aut(£7). The topology on Aut(E) will be the norm topology, i.e. ||a|| = supiui^j ||a(a)||. 
Let Auto(-E) denote the set of all a € Aut(-E') that are in the same path component as id# 
with the norm topology. 

Theorem 4.2. ^ |181 3.2]) Let E be a C*-algebra. Then every automorphism a G Auto (£7) C 
Aut(E) is approximately inner. 

Let E be a separable C*-algebra. Then the above theorem follows from the following 
facts: (1) every a G Auto (£7) is a product of derivable automorphisms ([2J 8.7.8]) and (2) 
every derivation is approximately inner Q21I 8.6.12]). This observation was made by Lin in 
[T51 2.1]. Lin then showed in ^| 3.2] that the general case can be reduced to the separable 
case. 
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Corollary 4.3. Suppose a,f3£ Aut(_E). Suppose that (3 1 o a € Auto(-E) and 13 is approx- 
imately inner. Then a is approximately inner. 



K,(Q(E) Z). 



K„{I(E) Z) - 



A'i(/(-B)) - 



-ifi(E)- 



-iTl(E)- 



-Jfi(I(E) *, M Z) 



-A'„(Q(£) x 0W Z) 



Figure 4.1. K- Theory of the Crossed Product 

Lemma 4.4. Let E be an £ -algebra and let a £ Aut(E). Then Figure \JH\ is a commutative 
diagram. 

Proof. This is clear from the naturality of the Pimsner-Voiculescu exact sequence. □ 

Definition 4.5. Let E be a unital essential extension of A by / G V . Note that we may 
assume E is a unital C*-subalgebra of M(J). Suppose [/ S M(J) is a unitary such that 
Ux — xU S / for all x <E E. Define i? Q to be the C*-subalgebra of M(L) generated by E 
and U. Define A a to be the C*-subalgebra of M(I)/I generated by A and ir(U). Note that 
a = Ad(U) € Aut(-E) such that n o a = n. 

Lemma 4.6. Let E be an £ -algebra such that Q(E) = C{S 1 ) and let U be a unitary in 
M (1(E)) such that Ux — xU £ 1(E) for all x e E. Set a = Ad(U). Let h : E x a Z -► E a 
be the canonical surjective map. Then h gives the following commutative diagram: 



KuU(E) >*/(„) 




- Kq(E yi a \ 



-K (Q(E) H QM Z) 



Ko(I(E)) - 



Kl(Q(E)a)- 



■K (E a )- 



-KUEJ- 



-K (Q(E) a ) 



-JTi (/(£)) 



Kx(Q(E) x Q{a 




-KAE x„ : 



-Ki{l{E) x II:a) 



Proof. Note that h sends 1(E) X/( Q ) Z to 1(E). Hence, we have the following commutative 
diagram: 

- 1(E) x I(a) Z E x Q Z *- Q(E) x Q{a) Z 

1(h) h Q(h) 



()■ 



■1(E) 



■E„ 



■ Q(E) a 



■0 



The lemma now follows from the naturality of the six-term exact sequence in if-theory. □ 

Lemma 4.7. Let E be an £o~algebra and let U G M(I(E)) be a unitary such that Ux~xU £ 
1(E) for all x e E. Set a = Ad(U). Suppose Q(E) a Q(E) ® C(S' 1 ) and a*,* = (id B )»,i 
on Ki(E) for i = 0,1. Then Sq" = 0. 
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Proof. Note that the homomorphism from Kq(Q(E) x a Z) to Ko(Q(E) a ) in Lemma 14.61 
is an isomorphism. If Ki(I(E)) — 0, then it is clear that Sq" — 0. Suppose K\(L(E)) is 
torsion free and ker^f ^ {0}. Hence, ran(5f is a torsion group. Note that Sq — 0. By 
performing a diagram chase in Figure |4~T1 we see that ran(5 is a torsion group. Hence, 
by Lemma 14.61 ran<5,^ Q is a torsion group. Since K\(L(E)) is torsion free, 8q" =0. □ 

Lemma 4.8. Let E be an £ -algebra with Q(E) = C(S 1 ). Let U £ M(I(E)) be a unitary 
such that Ux — xU G 1(E) for all x € E. Set a = Ad(U). Then there exists a norm 
continuous path Vt G U(M(L(E))) such that 

(1) V t x- xV t € 1(E) for all x G E and for all t G [0, 1], 

(2) V = U, and 

(3) Q(E) Pl = Q(E) <g> C(S r ), where ft = Ad(Vi). 

Proof. Let [x,y] denote the element xy — yx. Note that Q(E) a = C(X), where X is a 
compact subset of S 1 x S 1 . Let {^n}^Li be a subset of X such that for all k G Z>o, 
{£n}%Lk is dense in X and let {e n }^ =1 be an approximate identity of 1(E) consisting of 
projections. For all / G C(X), let cxo(/) = Y^=i f(£n)( e n — e n -i), where the sum converges 
in the strict topology. By ^3 3.2], there exists an abelian AF-algebra B C M(I(E))/L(E) 
such that ran(ro) G B, where tq = tt o a . Hence, there exists a self-adjoint element 
hi G M(I(E))/L(E) such that t (tt(U)) = exp(ihi) and [hi,T (b)\ = 0. Let t = r a ©t . By 
Proposition ll.lOl there exists a unitary Z G M(L(E)) such that r Q = Ad(7r(Z))(r Q © ro). 
Let ei = Ad(7r(Z))(T Q (l) © 0) and let e 2 = Ad(7r(Z))(0 © r (l)). Note that ei lifts to a 
projection Pi G M(I(E)). li P 2 = l- P 1 , then P 1 +P 2 = l and 7r(Pj) = e,. 

Let r 2 : © C([0, 1]) -> e 2 M (1(E))/ 1(E) e 2 be a strongly unital essential trivial 

extension. Let 5 be a self-adjoint element in C([0, 1]) such that sp(g) = [0,2ir]. Then the 
C*-algebra C which is generated by Q(E)® \ and exp(i(l©g)) is isomorphic to Q(E)®C(S 1 ). 
Let h 2 = t 2 (1 © g). If t 2 = t 2 \c, then is a strongly unital trivial essential extension such 
that [h 2 ,r' 2 (x © 1)] = for all x G Q(E). Note that by Proposition QUI Ad(-7r(Z)) o t \ q{e) 
is unitarily equivalent to t 2 \qie)®i- Hence, by conjugating t 2 by the image of a unitary in 
P 2 M(I(E))P 2 , we may assume Ad(ir(Z)) o t \ q{e) = 7^| Q(B)81 . Let « t = Ad(7r(Z))(7r(E7) © 
exp(i(l-t)/ii))(ei+exp(it/i 2 )). Then v Q = ir(U) and C*(v 1 ,i J 2 (Q(E)ig)l)) = Q(E)®C(S 1 ). 
Hence, there exists a norm continuous path of unitaries Vt G M(I(E)) such that VtX — xVt G 
1(E) for all ir G E, V = Z7, and n(Vi) =v t . □ 

Theorem 4.9. Let E be an £ -algebra such that Q(E) = C(S 1 ). Let U G M(L(E)) be a 
unitary such that Ux — xU G 1(E) for all x G E. Let a = Ad(J7). = (ids)*,, on 

Ki(E) for i = 0, 1, i/ien a is approximately inner. 

Proof. By Lemma PI and CorollarvPl we may assume Q(E) a = Q(E)<g>C(S 1 ) = C^S" 1 x 
S 1 ). Let u = n(U). Note that sp(u) = S 1 . Let # = \(U + U*) and let W = exp(iif). Since 
sp([7) = iS 1 , we have sp(ff) = [— Define (3 = Ad(W). Since H is in the C*-algebra 
generated by U, we have Wx - xW G 1(E) for all x E E. Let ft = Ad(exp(iff(l - t))). 
Then ft is an automorphism of E such that ft) = ft ft = He, and Q(f3t) — idq^)- 

By Lemma I4~%1 there exists a norm continuous path of unitaries Vt G M(L(E)) such that 
Vb = W, Vtx-a;T4 G 1(E) for all a: G E, and = C(S' 1 x S 11 ) where cri = Ad(Vi). Let 

T a and r ai be the Busby invariants associated to the extensions E a and E ai respectively. 

Since 1(E) G V, there exists an isomorphism A l from K t (M (1(E)) /1(E)) to 
such that <5f° = A; o (r^)*^. By Lemma |4~7I dg a = 0. Hence, (r Q )* :0 = 0. It is clear that 
(To-J.,0 = 0. 

It is easy to check that the homomorphism (r a )*,i : K\(Q(E) a ) — > Kq(I(E)) is completely 
determined by (t q )*.i([z]) = (A^ 1 o(5f)([z]) and (tq)*,i([7t(C/)]) = and the homomorphism 
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is completely determined by (T ai )*,i([z}) = (X 1 1 °5f)([z]) and (t CTi )*,i([7t(Vi)]) = 0. 
Hence, (r a ) M = (r CTl ) M on K^S 1 x S 1 )). 

By Proposition ll.lUI there exists a unitary Z G M(I(E)) such that Ad(7r(Z)) or CTl = r a . 
So, Z*ViZ - U G /(E). Let V = [Z*ViZ]*U. Then tt(V) = 1. Hence, a is approximately 
inner since a = k&(Z*V x Z) o Ad(V) and Ad(Z*yiZ) G Aut (£). □ 

Lemma 4.10. Suppose E\ and Ei are E^-algebras. Suppose E\ is a unital C*-subalgebra 
of E2, Q(E\) = C{S 1 ), and I(E\) is a nonzero hereditary C*-subalgebra of I{E 2 ). Let 
v G M(I{E-\)) be a unitary such that vx — xv G I{E\) for all x G E\. Set a = Ad(v). 

Suppose a* t i(n£) = n£ in Ki{E 2 ) for some n > 1, where £ is the generator of the copy of 
ran(7r*,i) in Jfi(-Ei) = ifi(7(^i)) ©ran(7r* ) i). Then a*,* = (idej*,? on Ki(Ei) for i ~ 0,1. 

Proof. Let tj : I{Ei) — » i% be the inclusion map and let 7Tj : i?, — * Q(Ei) be the quotient 
map for i = 0, 1. Let j : Ei —> E% be the inclusion map and let £ = [u>] for some w G U(E\). 
It is easy to check that a*,o = (idj^)*^. 

Suppose Ki(I(Ei)) = 0. Then, (^1)*^ is injective. Hence, a:*,! = (id^)*,! since 
Q(a)*,i = id^fg/^j)). Suppose Ki(I(Ei)) is torsion free and ker^ 1 7^ {0}. Note that 
j induces the following commutative diagram such that the rows are exact sequences and 
is an isomorphism for z =0,1. 

Kx(I(Ei)) K 1 (E 1 ) K 1 (Q(E 1 )) if (/(^i)) 



Kx{I{E 2 )) Kt{E 2 ) K 1 (Q(E 2 )) >- K (I(E 2 )) 

Since i^i(<5(£ , 2 )) = Z = K 1 {Q{E')) 1 the map Q{j)*,i is either injective or the zero map. 

Case (i). Suppose [Q(j)(z)] = in Ki(Q(E 2 j). Then Q(j)*.i is the zero map. Hence, 
j* : i{Ki{E2)) C Ki{I(E2)). By performing a diagram chase in the above diagram, we see 
that [w] = a\ + a,2, for some a\ G K\{I{E{)) and a 2 G ker(j*,i). Since v is a unitary in 
M{I(E\)), we have a*,i(ai) = ai. Since 7Ti o a = tti and since (7ri)*,i|kcr(j« 1) is injective, 
by a diagram chase, a*. 1(02) = a 2 . Therefore, a*,i = (idsj^i on K\{E\). 

Case (ii). Suppose [Q{j)(z)] ^ 0. By the Five Lemma, is injective. Therefore, 
[a(u>™)] = [w n ] 5^ in K±(Ei). Hence, by the exactness of the Pimsner-Voiculescu exact 
sequence, [w n ] lifts to an element x in K (Ei x a Z). 

Consider Figure ll~Tl where E is replaced by £1. Since iri o a — 7Ti and since the unitary 
group of M(I(Ei)) is connected, 

-» tf (Q(£i)) -» KoiQiEi) x q(q) Z) - #i(Q(Ei)) -» and 
-> A'i (/(El)) -> ^(/(^i) x /(a) Z) -> KoiHE^) -> 

are exact sequences. Note that J^ 1 = 0, i^i(J(i?i)) is torsion free, and ranjf 1 is a torsion 
group. Hence, by an easy diagram chase in Figure l4~Tl we see that [w] lifts to an element 
in Kq(Ei xi a Z). Hence, by the exactness of the Pimsner-Voiculescu exact sequence, a*,i = 
(id Bl )*,i on ifi^i). ' □ 

4.2. UNIQUENESS THEOREMS. 

Definition 4.11. Let A = C^S" 1 ) <8 £?, where 5 is a C*-algebra and let e > 0. We identify 
C(S' 1 ) (8> S with C(S 1 , B). A finite subset T C A is weakly approximately constant to 

within e if for any i G S 1 , there exists E/(i) G U(A) such that ||C/(t)*/(t)[/(t) - /(1)|| < e 
for all / G JT. 
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Suppose C and D are unital C*-algebras and (p,tp € Hom(C, D). Let Q C C '. We say 
that ip and ip are approximately the same on Q to within e > if ||</?(/) — VK/OII < e 
for all / G g. 

Definition 4.12. Let {ejj}™ J=1 be the standard system of matrix units in M„ (C) C 
M n (CiS 1 )). Let z be the standard unitary generator of C(S 1 ) = e n M n (C(S' 1 )) en. Then 
{z} U {ey}"j =1 will be called the set of standard generators for M n (C(S' 1 )). 

Theorem 4.13. Let E be an E^-algebra. Let tt : E — > Q(E) denote the quotient map. Let 
T = {zi}™ =1 C E such that tt(J-) contains the set of standard generators for Q(E). Let 
e > 0. Then there exists 8 > such that if E' is an S^-algebra and tfi : E — ► £" is a unital 
monomorphism for i = 1, 2 

W [pi] = fo*] on and 

f,2) Q(^i) and Q(ip 2 ) are approximately the same on tt(J-) to within 5, 
then if2 and ipi are approximately unitarily equivalent on T to within e. 

Proof. Let E = pMi (Ei)p for some p G Mi (E) with n(p) — 1;. If E is not isomorphic 
to Mi (Ei), then define tpi : E ® M 2 — > E' ® M 2 by = tp t (g> id. Since 7r(p) = 1/, by 
Lemma l3~31 there exists a projection e G I(.E) such that (e® \e)M 2 (E) (e®ls) = Mi(E\). 

Since [pi(e)] = [tp 2 {e)] in K (L{E'j), by 31, 1.1], there exists W x G U(L(lf)) such that 
Witpi(e)Wi — tp 2 (e). Hence, we may assume <pi(e) = <y3 2 (e). Let E 2 = (e 1b)M 2 (e ffi 
1 B ) and let C = (tpi(e) © 1e/)M 2 (E') (<pi(e) 1 B /). Set i/'i = <PiU 2 ' Tnen ^« is a unital 
monomorphism from E 2 to C. Note that ipi(I(E 2 )) C /(C) since ipi{I(E)) C L(E'). Hence, 
r/>i induces a homomorphism Q(ipi) : Q(E 2 ) — > Q(C). Clearly, Q(fi) — Q(V'i)- Therefore, 
we can reduce the general case to the case U = M; (Ei) and hence to the case 1 = 1. 

Suppose E is a non-trivial extension. By Lemma l3.1UI there exists a non-unitary isometry 
Si e E such that J5 is generated by (1 - 5i5* )I(E)(1 - 5i5f) and Si. Let q = 1 - 5i5f. 
Then, we may assume zi = 5i and = G qL(E)q for i = 2, 3, . . . n. 

Recall that Ki(E) ^ Ki(I(E)) © ran(7r*,i). By Lemma ITTBI there exists ^eU(E) such 
that [£] generates the copy of ran(7r* j i) in Ki(E). Since £" is generated by JF, there exists 

< 8' < min { §, §} such that if C is any unital C*-algebra and 7 and A are unital homo- 
morphisms from E to C such that ||7(x) - A(x)|| < 8' for all x E T, then |py(£) - A(£)| < 1. 

Choose < p < 8' such that if C is a unital C*-algebra, 52 is an isometry in C, and 
x G C with ||5 2 — x|| < p, then x*a; is invertiblc in C . Also, p can be chosen such that 
||S2 - ^la;!" 1 !! < and \\S 2 S 2 - x\x\~ 2 x* \\ < 

Let < 5 < p. Then, there exists a € L(E') such that ||<^i(^i) — ^2(21) + flt|| < $ 
since \\Q(cpi)(z) - Q(ip 2 )(z)\\ < 8. Let z[ = (ip 2 (zi) - a)\(p 2 (zi) - a| _1 . Then (z' 1 )*z[ = 

1 and ||(1 — ipi(zi)(pi(zi)*) — d\\ < where d = 1 — z[(z[)* . Therefore, there exists 

W G U{I(E>)) such that (W')*(l - <pi(zi)tpi(zi)*)W = d and \\W' - 1]| < ^. Hence, 

||(W)Vi(«i)W - 4\\ < w and = v ^(^i). 

Set S — z[ and T = <p 2 (>i). Since [1 - 55*] = [1 - TT*] in K {L(E')), by :'.! 1.1], there 

exists 11/ G u(Ujf)) such that Ad(W)(l - 55*) = 1 - TT* . Note that 1 - 55* 7^ and 
1 — TT* 7^ since ipi and y>2 are unital monomorphisms and since d([V(5)]) = d([?v'(T)]) 
in V (£?'). By replacing Ad(W') o ^ t with Ad(WW') o ^ t and 5 with Ad(lT)(5), we may 
assume that 1 - 55* = 1 - TT* = d. 

By 2, 2.6] and 30, 3.2(i)], we may write I(E') = d'I(E')d' ® /C with [d] = [<f] in 

K (I(E')). By [211 1.1], there exists V G U{L{E)) such that = a". Suppose we 

have found it G U(E') such that ||u*VVi(x)lAi - V r *^ 2 (x)l A || < e for all x E T. Then 
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\\w*ipi(x)w — ip 2 (x) || < e for all x G J 7 , where w — Ad(V*uV). Hence, we may assume 
V = 1 and I(E') = dI{E')d ® K. 

By Proposition EH there exists w x G U(I(E')) such that ||io*Tioi - 5|| < ^. We also 
have ||io*(l - TT*) Wl - (1 - 55*) || < f . Therefore, there exists w' 2 G U(I(E')) such that 
||1 -w 2 || < I an d (io 2 )*to*(l - TT*)wiw 2 = 1 - 55*. Hence, we may assume iy*(l - 
TT*) Wl = 1-55* and \\w\Twi - 5|| < §. 

Note that Ad(wi) o ip 2 and Ad(W) o map qI(E)q to dI(E')d and [Ad(ioi) o 992] = 
[Ad(W') o ^i| 9 i (B )g] on K(qI(E)q). Hence, by [El 4.10], there exists u G U(dI(E')d) such 
that ||w*¥> 2 (2i)wi - u*(W')*<pi(zi)W'u\\ < § for alH = 2, . . . ,n. 

Let X = {5 m &(5*)™ : b G dI(E')d and m, n G Z> } and let / be the closed linear span 
of the set X . Let E 2 be the C*-algebra generated by I and 5. Note that 5 is the standard 
unilateral shift of I and 1e 2 — 1-E'- Hence, E 2 is a unital essential extension of C(S 1 ) by 
I = I(E 2 ). Let = X)^°=o 5™w(5*) n , where the sum converges in the strict topology. Then 
w 2 is a unitary in M(I(E 2 )) and w 2 Sw 2 = 5. Hence, a = h&iw-i) G Aut(£ ; 2) and 

\w\^{zi)w x ~ w%(W')*<pi(zi)W'w 2 \\ < 2 <S ' 
for all i = 2, . . . , n and 

IKV 2 (^K - ™ 2 *(W)Vi(*i)w^2|| < ^ + |r < 

16 20 

Hence, by the choice of S' and by Lemma 14.101 (Ad(i>))*,i = id#-.(£ 2 ). Thus, by Theo- 
rem there exists w s G U(E 2 ) such that || 10337103 — w 2 xw 2 \\ < § for all x G {5} U 
{(Ad(FT') o </?i)(zi) : i = 2,...,n}. Therefore, 

\\w* 1 (p 2 {z l )wi - wZ(W')*<pi(zi)W'w 3 \\ < 6' + I < e 

for all i = 2, . . . , n. Also, we have 

|| 10*^2)^1)10! - wl(W l )* Vl (z 1 )W l w 3 \\ < — + 1 + — < e . 

Now, suppose -E is a trivial extension. Let < 8 < min {g, ■§}■ By Proposition ll.151 E is 
generated by 1(E) and U — YlnLi A «Pn- Therefore, we may assume Z\ — (1 — pn)U(1 — pn) 
and Z2, ■ ■ ■ , z n G pnI{E)pn, where pn is a projection in 1(E). Since 14(/((£>i)) = V*(I((f2)) 
on K(J(E)), by [SI 1-1], there exists W G U(7(lf)) such that (W)'Vi(PJv)W'' = Mpn)- 
Hence, we may assume ^\(pn) — <P 2 (pn)- Let q — <f>\(\ ~pn). 

Note that there exists ate qI(E')q such that ||yi(^i) — <£i( z \) + b\\ < 5. Since < 5 < 
1/2, I f 2:1 ) — b\ is invertible. Let w = (<fi2(zi) — b)\ip 2 (zi) — b\ . Then to is a unitary in 
qE'q and ||<^i(zi) — io|| < 4<5. Note that ir'(w) — (it' o (p 2 )(z 1 ) and [w] = [fi(zi)\ = [(/5 2 (zi)] 
in Ki(qE'q). Therefore, by Lemma \'2. 91 there exists a unitary U\ G Cq + qI(E')q such that 
\\UfwUi - <p 2 (zi)\\ < 5. Hence, ||f7j>i(>i)C/i - </J 2 (zi)|| < 5S < e. Since [<pi\ PN i( p ) N ] = 
[V2\ PN i( P ) N ] on K(p N I(E)p N ), by QBl 4-10], there exists u x G U((l — q)I(E')(l - q)) such 
that \\ul(pi(zi)ui - ip 2 (zi)\\ < e for all i = 2,...,n. Let W = U± + in. Then W G U(E') 
such that ||PF*y>i(^)W - <p 2 (zi)\\ < e for all i = 1, 2, . . . , n. 

By the proof, we see that 6 is independent of the C*-algebra E' and of the homomorphisms 
ipi and if 2- D 

Theorem 4.14. Let E be an £ -algebra such that Q(E) = Mi (C*(5 1 )) and let T G E be 
a finite subset of E such that tt(J-) contains the standard generators for Q(E). Let e > 0. 
Then there exists a 5 > such that the following holds: 

Let E' be an E^-algebra. Suppose (ft, (p 2 G Hora(E, E') induce the same map on (V* (E), K(E)). 
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(1) If fi and tp 2 are injective and the induced maps Q(<fi) and Q(f2) are approximately 
the same to within 8 on tt(F), then ipi and ip% are approximately unitarily equivalent on T 
to within e. 

(2) If ip i and ip% are not injective but (<Pi)q and (</>2)q are injective and if the induced 
maps Q{tfi) and Q((f2) are approximately the same on n^J 7 ) to within 5, then ipi and if2 
are approximately unitarily equivalent on T to within e. 

Proof. It is easy to see that we may assume that ip± and if2 are unital homomorphisms. 

(1) If E' is not a purely infinite simple C*-algebra, then the conclusion follows from 
Theorem 14. 131 If E' is a purely infinite simple C*-algebra, then the conclusion follows from 
[H 6.7]. 

(2) We will use the same notation as in the proof of Theorem 14.131 Since cpi is not 
injective, there exists a homomorphism (<^)q : Q{E) —> E' such that ipi = (^)q o tt and 
7r ' ° (<Pi)Q = Q(<Pi)- Note tnat sp(y>i(zi)) = sp(ip 2 (zi)) = S 1 since (<£>i)q and (<^ 2 )q are 
injective. By Lemma \'2. 91 there exists U £ U(E') such that \\U*ip2(zi)U — <pi(zi)\\ < e. □ 

Theorem 4.15. Let E and E' be So-algebras such that Q(E) = M n (C(S' 1 )) ; let e > 0, and 
let J- C E be a finite subset such that tt(J-) is weakly approximately constant to within |. 
Suppose <pi,(p2 £ Hom(_E, E') induce the same map on (V*(E), K(E)). Then we have the 
following. 

(1) Suppose Q(E') = M m (C(5' 1 )). Let {/y}^- = i be the standard system of matrix units 
for M m (C) C M m (C(S' 1 )). If(fii and if2 are not injective, (</?i)q(z) and {<P 2 )q{z) have finite 
spectra in fuQ(E')fn = C(S 1 ), then ip\ and tp 2 are approximately unitarily equivalent on 
T to within e > 0. 

(2) If Q(tpi) and Q{f 2 ) are zero, then ip± and if2 are approximately unitarily equivalent 
on T to within e. 

Proof. (1) follows from the proof of Proposition 2.20(1) in |17| . 

(2) Note that we may assume ifi and ip 2 are homomorphisms from E to pI(E')p for 
some projection p £ I(E') and y>i(l) = p = tp 2 (l)- If both <pi and <f2 are injective, then 
the conclusion follows from 19, 6.7]. If tp± and ip2 are not injective, then ifi = (tpi)Q ° tt. 
Since V{ip\) = V(ip 2 ) on V(E), we may assume (<Pi)q and (<^2)q both agree on M n (C) C 
M n (C(S' 1 )) = Q(E). Therefore, we may assume n = 1. Suppose (<£>i)q and (f2)Q are 
injective. Then the conclusion follows from Lemma 12.11 Hence, we may assume (fi)Q 
is not injective. Therefore, (yi)q(z) and {}P 2 )q{z) are in the same path component as p 
in U(pI(E')p). By [221 2], there are £1, Cb ••• i Ci e S 1 and mutually orthogonal 

projections p±, . . . ,Pi,qi, ■ ■ ■ ,qL £ p!{E')p such that 



1 

(vi)o(/)- j^(<pi)o(/(eh)i)pib 

fc=l 



< — and 

3 



L 

(v2)o(/3-53(iP2)g(/«i)i)9j 
3=1 



< - 

3 



for all / £ tt{T). 

Set K)q(.9) = ELiCvOoCffe) 1 )^ and 2 )q(s) = E^i^OqCsCO)!)?* for all .g £ 
Q(E). Since 7r(.F) is weakly approximately constant to within |, by part (1), (<^)q and 
(<P 2 )q are approximately unitarily equivalent on tt(J-) to within |. Therefore, 1^1 and </?2 
are approximately unitarily equivalent on T to within e. □ 

5. THE EXISTENCE THEOREM 

Theorem 5.1. Let E and E' be two finite direct sums of E-algebras. Let a : V*(E) — > V*(E ! ) 
be a homomorphism such that ol v (\}.e\) — [P] for some projection P £ E' . Let {a{\^ =1 
be the unique map from K(.E) to K(£") induced by a. (See Proposition \3.2(K ) Suppose 
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ip G Hom(Q(i?), Q(E')) induces a.3 and a§. Then there exists tp G Hom(E, E r ) such that tp 
induces a, tt' o ip = ip o tt, and f(l E ) = P. 

Proof. By 2 2.6] and |301 1.2], 1(E) = qlq eg) /C, for some J e ? and for some projection 
q G I- Let {eij}°° =1 be the standard system of matrix units for /C C qlq <8> IC. 

It is clear that we may assume E' has only one summand. Write E = Ej , where each 

Ej is an £-algebra. Denote the unit of Ej by Write ip — ©, = x V'ii where each tpj is in 
Hom(Q(£; j ),Q (£:')). Let e. } = -0(1 q(jBj) ). By 29, 2.5 and 2.9] and by PropositionO there 
exists a collection of mutually orthogonal projections C E' such that Tr'(dj) = Cj 

for all j = 1, 2, . . . , k. We may assume that P = d\ + ■ ■ ■ + d^ and a„([l^^]) = [dj]. Thus, it 
is enough to show that for each j, there exists tpj G Hom(Ej, djE'dj) that induces a\v,(E ) 
such that tt' o ip = ipj a -jr and <pj(lE-) — dj. So, we may assume that E has only one 
summand. Moreover, since djE'dj is again an £-algebra (Proposition^^}, we may assume 
P=1 E >. 

Case (1). E' is a unital amenable purely infinite simple C*-algebra in J\f. This case is an 
easy consequence of ^3 6.7]. 

Case (2). Suppose E' is not a unital purely infinite simple C*-algebra. Note that E 
can not be a unital purely infinite simple C*-algebra. Let E = qMi (Ei)q and let E' = 
PMk (E 2 ) P, where £j is an 5-algebra with Q(Ei) = C(S 1 ). We will show that we can 
reduce this general case to the case I = 1 and g = 1. 

First assume that P ^ lfe. Note that e = 1; — q is a projection in 1(E) such that 
eq = and e + q = 1/. Since a v (V(I(E))) C V(I(E')), there exists a projection e' G 
(l fe - P)M fc (J(E 2 )) (l fe - P) such that [e'] = a([e]). Let E" = (P + e')M k (E 2 ) (P + e'). 
Let 7r" denote the quotient map from E" onto Q(E") and let tt' denote the quotient map 
from E' onto Q(E'). 

Suppose we have found p' G Hom(M; (Ei) , E") that induces a such that <p'(h) = P + e' 
and tt' o ip' = -0 o tt. Let P' = ip'(q). Then, by [3T1 1.1], there exists U G [/(£"') such that 
U*P'U = P. Denote the inclusion map from E' to E" by j. It is easy to see that Q(j) is 
an isomorphism. Choose u such that Q(j)(u) = tt"(U). Since 8f ([n"(U)]) = and since 
Q(j)*,i i s an isomorphism, we have <5f ([«]) = 0. By Lemma fl. 131 there exists W G U(E') 
such that tt'(W) = u. Let W a = e' + W* and let V = UW . Take tp = Ad(V) o Then 
</? induces a, tt' o c/? = ^ o 7r, and v?(1-e) = P- Hence, we may assume E = Mi (Ei). 

Assume that P = lfe. Suppose we have found ip' G Hom(M; (Ei) , Mfc (-B2)) such that y>' 
induces a, tt' o ip' = ip o tt, and <f'(li) — lfe- Note that ip'(q) ~ lfe. Let g' = <p'(q). Then 
lfe — q 1 £ I(E') and [l fe - g'] = in K a (I(E')). Let p = t o where t : g'S'g' -► i?' is 
the homomorphism that sends q'xq' to q'xq' + 1 — q'. Since g' ~ lfc and 1 — q' G I(E'), it is 
easy to check that 99 is the desired homomorphism. 

We will now show that we may assume E = E\. Let {pij}\i=\ be a system of matrix 
units for M; (C) C Mi(E x ) = E. Let g y - = ip(-ir(pij)). By Corollary Ol there exists a 
system of matrix units {g^-}'-j =1 C such that 7r'(gy) = g^ for all i,j = 1, 2, . . . I. Note 
that a v ([pu}) = a v ([p n }), [q' u ] = [q' n ], and ae,Qn{pn)]) = Ki]- Since Ot,([lj]) = [Ie'], 
if (i = Ie' — 5Z i=1 q'u 7^ 0, then there are mutually orthogonal and mutually equivalent 
projections ax, a^, . . . , ai G dE'd such that a i = d. So, there exists a system of matrix 

units {aij}\ j = i C dS'd such that an — a. L for i = 1,2, Let g^ = q[j + for 

i,j = 1,2,... I. Then n'fyj) — q,^ and a([p,j]) = [qu]. It is now clear that it is enough 
to show that there exists a unital homomorphism ip : puEpu — > quE'qn which induces 
a and 7r' o ip = ?/> o 7r. So, for the rest of the proof we will assume E is an 5-algebra with 
Q(E) = CiS 1 ) and a([l E ]) = [!&]• 
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Let W be an isometry in E' such that tt'(W) — ifi(z). Let be the zero element in 
Kq(I(E)) C V(I(E)) which is represented by a nonzero projection. We break case (2) into 
three sub-cases. 

(i) Suppose a v (V(I(E))) = {0}. Then, there exists a' : V*(Q(E)) -> V*(E') such that 
a' o K(tt) = a. Note that k(Q(E)) + = K 1 (Q(E)) = Z is generated by [z]. So, there 
exists W G t/(£') such that [W] = a'{[z]) and 7r'(W) = ^>(V). Let B be the C*-subalgebra 
generated by W. Then there is a unital homomorphism 99' : Q(E) — > £> such that = W. 
Hence, </? = y?' o 7r is the desired homomorphism. 

(ii) Assume that E is a non-trivial extension and a v (V(I(E))) 7^ {0}. Hence, a v o 
d([Si]) 7^ 0. By Lemma f 1.1 21 we may assume W is a non-unitary isometry. We claim that 
there exists a unital homomorphism ip' : E — > E' such that /((/?') induces oi\v„(i(e)) an d 
n' o cp' — t/j o it. Let / be a nonzero projection in I(-E') such that a„([en]) = [/]. By [3 
2.6] and |3()l 1.2], we may assume I(E') — fI(E')f ® /C. Hence /(-E') has an approximate 
identity consisting of projections, {pj}^, such that /, = p, — Pi-\ and [/,] = [/] for 
all i £ Z>i. Therefore, by |191 6.7], there exists a monomorphism <pi : 1(E) — » I(-E') 
such that ^i(eii) = /j for all i 6 Z>o and tpi induces ot\vM{E))- By |17l 3.2], there 
exists a unital monomorphism pi : M(I(E)) — > M(I(E')) extending </?i. Set </?2 = ^i|_e- 
Then C*(W, I(E')) and C*(^ 2 (5i), I(E')) are equivalent unital essential extensions of C^S" 1 ) 
by I(E'). Then, by Proposition 11.101 there exists a unitary {/ £ M{I(E')) such that 
tv'(U)(tv' o ^ 2 (<Si))7r'(£/)* = 7r'(W). Then ip' = Ad(U) o tp 2 is the desired homomorphism. 
This proves the claim. 

We will now show that there exists a unital ip : E — > E' which induces a and n' op = tJjott. 
Suppose kerSf = {0}. Then K\(E) = Ki(I(E)), where the isomorphism is induced by the 
inclusion map from 1(E) to E. Hence, the homomorphism constructed above is the desired 
homomorphism. Suppose ker^f 7^ {0}. Let e be a nonzero projection in I(E') such that 
[e] is the zero element in K$(I(E')). Note that the inclusion j : (\e> — e)E'(lE> — e) — > E' 
induces an isomorphism from V* ((Ib' — e)E'(lE' — e)) onto V*{E'). Let it' denote the quotient 
map from E' onto Q(E') and from (1e> —e)E'(lE' — e) onto Q((1e> — &)E'(1e> — e)). Since 
Q((1b' — e)E'(lE> — e)) = Q(E'), we have Q(j) = idQ^n. Therefore, we may choose a 
non-unitary isometry H 7 ' G (1^/ — e)E'(lE< — e) such that ^'(W) = By the above 

claim, there exists a unital monomorphism ip' : E — > (Ie> — e)E'(lE' — e) such that I(tp') 
induces a\v,(i(E)) and n' o ip/ = ip o n . 

By Lemma 13.91 K\(E) can be identified as a subsemigroup of k(E) + . Since kerJf 7^ 
{0}, we have K\(E) = K 1 (I(E)) © Z. By Lemma ITTTHI there exists to € such that 

[w] = (0, 1). By Theorem ETT3I k(eI(E')e)+ = K^e^E^e) U {5}. It is easy to see there 
exists a homomorphism (3 : V*(E) — > V*(eI{E')e) such that (3(x) = [e] for all x 7^ in V(E). 
I3(y) = S for all y £ k(E)+ \ (K^E) U and /5([ W ]) = a fe (H) - i(M)- 

Therefore, by case (1), there exists a unital homomorphism ip" : E — > e-E'e such that 
induces /3. Then ip = ip' + tp" is the desired homomorphism. 

(iii) Suppose -E is a trivial extension and a(V(I(E))) ^ {0}. Since is a trivial extension, 
k(E) + = k(I(E)) + © Z, where the copy of Z is generated by a unitary in E. By Lemma 
EH31 a(0, 1) £ Ki(E'). So, by Lemma lTTBl there exists H^ G U(E') such that a(0, 1) = [W] 
m.Ki{I(E'))@'L^K l {E') <zk(E') + . 

We first assume that sp(7r'(H / )) = S . As in the proof of case (2ii), there exist an 
approximate identity {qi}^ of I(E') consisting of projections such that [&] — [ft-i] = 
a([ej,-]) for all i £ Z>o and a unital monomorphism : M(I(E)) — » M(I(E')) such that 
induces alv^/j/E)) and <p'(eu) — d% = qi — for all i e Z>o- By Proposition ll.l5| 
we may assume i? is generated by w and 1(E), where u> = X^feLi ^fe e fcfc (convergence is in 
the strict topology). Let V = <p'(w). Note that sp(7r'(V)) = S 1 . Set = C*(V,I(E')) and 
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set E 2 = C*(W, I{E')). Then E 1 and E 2 are trivial essential extensions of C^S 1 ) by I(E'). 
Hence, by [Hi 8.3.1, pp.125] ([T31 7(iii)]), there exists a unitary U G M{I{E')) such that 
\\U*VU - W\\ < 1 and U*VU- W G I(E'). Let (p = (Ad*7o<p') | B . Then <p is the desired 
homomorphism . 

Suppose sp(7r'(W r )) = X ^ S 1 . Let J = {a G E : 7r(a)|x = 0}. Since E is a trivial 
extension, k{E)+ ^ : x G k(I(E)) + ,y G Z} and F(£) = K (I(E)) © Z> . Let / 

be a nonzero projection in 7(£") such that a([en]) = [/]. Let 77^ : V r (£') — > V(I(E')) 
be rj v (a,b) — a(a, 0) and let ?7fe : k{E) + — > k(I{E')) + be r)k(x,y) = a(x,0). Note that 
»7«|v(i(E)) = o;|v(j(B)) and J7*|fc(z(B))+ = f*|k(j(E))+- It is easy to check that 77 = (r) v ,r]k) is 
a homomorphism from K t (£') to V,(fI(E')f). Therefore, by case (1), there exists a unital 
homomorphism j : E —> fI(E')f such that 7 induces 77. 

Let B be the hereditary C*-subalgebra of fI(E')f generated by 7 ( 7). By [2J 2.6] and H3 
1.2], B is a stable purely infinite simple C*-algebra in Af. Hence, there exist approximate 
identities {e n }^ =1 and {e'^}^^ for B and for I(E') respectively such that e„ and are 
projections with the following property: eo = e' — 0, {e„ — en-ij^Lj and {e^ — e^^}^^ are 
collections of mutually orthogonal projections, and for all n G Z>o, [e n — e n _i] = [ej, - e n-i] - 
So, there exists v n G 7(£") such that v^v n = e / n — e' n _ 1 and v n v* — e n — e n -i for all n G Z>o- 
Set V = YlnLi v ni where the sum converges in the strict topology. Then V is an element 
in the double commutant of I{E'). Note that bV G I(E') for all b G B and V*a G B for all 
a G I(E'). Therefore, the map a : B — > 7(B') defined by <r(6) = V*bV is a homomorphism 
and [cr(p)] = [p] in K Q (I(E')) for all projections p G B. Also, [<r(u)] = [it] in Ki{I(E')) 
for all unitaries u <E B. Let 71 = (c 07) |j. Then 71 maps an approximate identity of J 
to an approximate identity of I(E'). Hence, by |17l 3.2], there exists a unital extension 
7i :M(J) -M(JOE')) of 71. 

Note that J is an essential ideal of 12 since 7(B) is an essential ideal of E. Let u> G U(E) be 
as in the case sp(7r'(W)) = S' 1 . It is now easy to check that sp(tt' 071(10)) = X = sp(ir'(W)). 
Therefore, C*('%(w), I(E')) and C* (W, I(E')) are unital essential trivial extensions oiC{X) 
by I(E'). So, by [23 8.3.1, pp. 125] ([13 7(iii)]), there exists a unitary {7 g M{I{E')) such 
that 1117*71 (w){7- W|| < 1 and U^^U -We I(E'). Let <p = (Ad 17 07^ | E . Then p 
is the desired homomorphism. □ 

Let A and B be two separable amenable C*-algebras satisfying the UCT. Denote the sub- 
group of Ext z (7Cs(A), A"i_*(B)) consisting of all pure extensions by Pext z (7f*(A), JCi_*(B)). 
Set KL(A, 7?) = KK(A, B)/ Pextg(if*(A), Ki-*(B)). If we set ext|(A*(A), Ki-*(B)) to be 
the quotient Ext^(A st (A), Ki-*(B))/Peid,%(K*(A), 7Ti_*(B)), then 

> ext|(if»(A), ^i_,(B)) KL(A S) -^U- Hom^.fA), #„(£)) >■ 

is an exact sequence. See R0rdam [^ Section 5]. 

Theorem 5.2. ('[SJ 1.4],) 7e< A be a C*-algebra in Af and let B be a a-unital C*-algebra. 
Then there is a short exact sequence 

Pcxt* (K t (A), ffi_„(B)) KK(A, B) Rom A (K(A), K(B)) > 

which is natural in each variable. Therefore, KL(A, B) = Hoitia(A(A), K(B)), where the 
isomorphism is natural. 

We are now ready to prove the main result of this section. 

Theorem 5.3. Let E = Ei and E' = © J= i E'j be two finite direct sums of £q- 

algebras. Suppose a : (V#(E),K(E)) — > (V#(E'), K(E')) is a homomorphism satisfying 
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a v ([1-e]) = [Ifi'] an d a \v(i(Ei)) 7^ for all i = 1, 2, . . . , n. Suppose ip '■ Q(E) — » Q(E') is a 
homomorphism as in Theorem \5.1\ Then there exists a unital homomorphism tp : E — > E' 
such that tp induces a and tt' o tp = ip o tt. 

Proof. It is clear that we may assume E' has only one summand. Note that if K*(A) and 
K*(B) are finitely generated, then KK(A,B) is naturality isomorphic to KL(A, B). 

Suppose E' is a unital purely infinite simple C*-algebra. Then the existence of tp follows 
from Theorem 15.21 and |191 6.7]. Suppose that E' is not a purely infinite simple C*-algebra. 
Let {a,}f =1 be as in Theorem l5~D By Theorem 15*^1 there exist /? G KK(E,E'),f3i G 
KK(I(E),I(E')), and 0q G KK(Q(E),Q(E')) such that 

(1) T(Pi) = (01,04), T(/3) = (02,05), and F(/3q) = (03,06) = {ip*,i, ip*,o) and 

(2) Pi = o\k(i(e)), ft — <x\k{E)i @Q = °<\k(q(e)) , using the identification in Theorem 15. 21 
Let [i] be the element in KK(I(E),E) induced by i : 1(E) -> £7. We define [«'], [tt'], [tt] 

in a similar fashion. Since a is a homomorphism from (V, (£7), K(E)) to (T4(£7), K(E')) 
and since the isomorphism in Theorem 15.21 is natural, we have [i] x f3 = /3j x [i'\ and 
j3 x [tt 1 ] — [tt] x /3q, where x represent the Kasparov product. 

Let p be a nonzero projection I(E') such that [p] = in Kq(I(E')). It is easy to see that 
the embedding j : (1 — p)£7'(l — p)—>E' induces an isomorphism from T4((l —p)E'(l — p)) 
onto 7* (£?')• By [23 1.17], there exists [j]- 1 G KK(£7', (l-p)£"(l-p)) such that [j] x [j]- 1 = 
[id(i_ p )E'(i_p)] and [j] -1 x [j] = [id^/]. By Theorem l5.ll there exists a unital homomorphism 
tp' : E — ► (1 — p)E'(l — p) such that <// induces j^ 1 o a and tt' o j o tp' = tp o tt. Note that 
/3-fo/] x [7] g Ext^A^),^')) and f3j-[I(tp')] x [/(j)] G Ext* (A (/(£)), K\ (I(E'))). 
Also, we have f3 Q = [tp] = [Q{<p')} in KK(Q(E), Q(E')). 

Note that the following diagram is commutative where the rows are split exact sequences. 

^Extl{K (E),K 1 {I{E'))) — " — ► F.xtj.( A'o(K), /f , {E')) — — ^ Exti((A"„(£;),ran(7r'),,i) ► 



^Exti(A'o(/(S)),A'i(7(SO))^^F^i(A'o(/(B)),jri(BO)^^E x ti(Ko(I(S)),ran(7rO.,i) *0 

Let b = <(/? - [tp'} x Since (fa - [Jft/)] x [I(j)]) x [<'] = [i] x (/? - [</] x [j]), by a 
diagram chase in the above diagram, i*(b) = 0. Note that Kq{E) = Kq(I(E))/ ran^f © Z. 
By considering the long exact sequence between Horn and Ext induced by 

-> ran<5f -> K {I(E)) -> A (/(£))/ ran c5f -> 0, 

we see that i* : Ext z (.Ko(.E), ran(7r')*,i) ~^ Ext z (ifo (£(£■)), ran.(7r / )* i i) is injective. So, 
6 = 0. Therefore, f3 E - [</] X [j] =i/x [i'] for some y G Ext^CM-E), £fi (/(£')))• % d 
6.7], there exists a unital homomorphism : E — > pI(E')p such that [<£>"] = y. Then 
tp ^ tp' + tp" is a unital homomorphism such that <^ induces o and tt' o tp = ip o tt. □ 

6. A CLASSIFICATION RESULT 

Theorem 6.1. (Classification Theorem) Let E and E' be unital A£o-algebras with real 
rank zero. Suppose a : (V*(E), K(E)) — ► (T4 (E'), K(E')) is an isomorphism such that 
o„([1.e]) = [1.E']- Then there exists a unital isomorphism tp : E — > E' such that tp induces 
a. 

By Provosition \l.(A the converse is also true. 

Proof. Let E — lim(£7j, tpi : i+\) and let E' = \im{E' i ,tp' ii+1 ). Since E and E' are unital 

C*-algebras, we may assume all maps are unital. Since HomA(A(A), K_(B)) is naturally 
isomorphic to KL(A,B) and KL(A, lim£>„) = limKL(A,B n ) whenever K*(A) is finitely 
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generated (see j^Hl 7.13] and |271 5.1]), by Proposition 13. 2 1| and by passing to subsystems 
and rcindexing, we get the following commutative diagram: 



04(£i),^(i?i)) 



(V t (E 2 ),K(E 2 ))- 




(V t (E[),K(E[))' 



(V t (E> 2 ),K(E> 2 ))- 



- (V t (E),K(E)) 



[V,{E'),K(E')) 



where c^Ql^]) = [l^'] and /3i([l_E']) = [l_E i+1 ]- Recall from Sectional that K(E'i) represent 
the six-term exact sequence in if -theory induced by the extension Ei. Therefore, the above 
diagram induces the following commutative diagram: 



K(-Ei) 



K(E[) ■ 




■K(^)- 



■K(E) 



-K(E') 



Furthermore, the following diagram commutes: 



K,{Q{Ex)) >- K*(Q(E 2 )) ^ K*(Q(E)) 




K,{Q{E[)) ~K,(Q(E> 2 )) *K*(Q(E>)) 

where each homomorphism lifts to a homomorphism at the level of C*-algebras. By Theorem 
15.31 , there are unital homomorphisms r/' k : — » E' k and 7I : E' k — > -Efe+i such that rf k 
induces a^ k ' and j' k induces (3^ k \ 

Let {e n }^ =1 C R>o be a decreasing sequence such that J2^=i e « < 00 ■ Let T n be a finite 
subset of the unit ball of E n and let T' n be a finite subset of the unit ball of E' n such that 
(1) ^n.n+i^n) C T n +\ and <£>n,n+l i^n) c ^n+li ( 2 ) U^Li Pn.n+iC^n) is dense in the unit 
ball of E; and (3) U^i v' n n+i i-^'n) IS dense in the unit ball of E' . Let n k and ir' k denote the 
quotient maps from Ek onto Q(Ek) and from E' k onto Q(E' k ) respectively. We may assume 
that for all n G Z>o, 7r n (.F n ) and TT' n (J-' n ) contain the standard generators for Q(E n ) and 
Q(E' n ) respectively. 

Let {Ei.i} 1 ^^ be the summands of E±. Let 5i t i > be the positive number given in 
Theorem l4.14l corresponding to 4f i E\ t i, and the image of T\ in E\^. Let < 6\ < minj^i^}, 
where the minimum is taken over all summand of E±. By |12l 1.4.14], there exists l\ G Z>o 
such that (^(ipij^^i (Ti)) is weakly approximately constant to within <5i/140. By ^1 
1.4.14], there exists rt\ > l\ such that Q{tpi ly ni){'Ki 1 (<£>i,ii (.Fi)U.7 : z 1 )) is weakly approximately 
constant to within <5i/140. 

Let {E' be the summands of E ni . Let Ai^ be the positive number given in 

Theorem l4. 141 corresponding to E' nii , and the image of T' ni U (rf ni o tp l ni )(J r 1 ) in E' ni i . 
Let < Ai < minjAi^}, where the minimum is taken over all summand of E' n . By |12l 
1.4.14], there exists l[ G Z >0 such that Q{<p' ni ^{ir' [!F' ni U rf ni o Q(ipi, ni X^i))) is weakly 
approximately constant to within Ai/140. By |12l 1.4.14], there exists k\ > l[ such that 
Qi^ M ) ( n 'h ) u Q(f' ni ,l[ ) (F'nx ^Qiv'm ) Q{<Pl,m ) (-^l))) is weakly approximate constant 
to within Ai/140. 

By ^1 2.29 and 3.25], there exists m' 2 > k\ + 1 such that Q(<pi lim ) and Q(<Pki+i,m°1k 
Vni fei ° ( Ph-n 1 ) are approximately unitarily equivalent to within S±/2 on ni 1 ((pi.it U 
J-jj) for any m > m' 2 . In particular, there exists v± G U(Q(E rn ^)) such that if Q{^' kl m i) = 
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Ad(ui) o Q^kx+i.m'^) ° Q(lL)> then we have the following diagrams 

-<S(-Ei,+i) -QI.K, 




OK,) — ►<5(B« > ) 

where the first diagram is approximately commutative on iti(!Fi) to within Si and the second 
diagram is approximately commutative on m t (vi ii (•^ r i)U^ r ; 1 ) to within Si. By Theorem l5.3l 
there exists a unital homomorphism 7^ from E' ki to E m r such that 7^ and Vfo+i,^ ° 7^ 
induce the same map on (V*(E' kl ),K(E' kl )) and Q(7fcJ = Qd'k^m'J- 

Let mi = 1. We will show that there exists ra 2 > m' 2 such that f m ',m 2 Vim' an d 
L Pm' 2 ,m 2 7^ Vni ki ° ^ni ° Vi,ni are approximately unitarily equivalent on T\ within e^. 
Let -E 1 ^/ be the jth summand of E m i and let Pj : E m ^ — ► P^, be the projection onto the 
jth summand. Suppose that P : E\ — > P is the projection of Pi onto one of its summands. 

(a) Suppose Pj o <£i jm £ is injective on H and Q(P) 7^ 0. By the choice of 5\ > and by 

Theorem 14.141 (1). there exists a unitary Wj G (Pj o ^i jm ' )(1e 1 )E 3 m , (Pj ° <pi, m ' a ){lEi) such 
that Pj o i£i irn ^ and Ad(Wj) o Pj o 7^ o ^ ^ o rj' ni o y>i )711 are approximately the same on 
P(J~i) to within ei. Set m(j) = m' 2 . 

(b) Suppose Q(-ff) = 0. In this case, Poip 1 j 1 (J 7 i) is a finite subset of a corner of eI(E ni )e 
for some nonzero projection e G I(E ni ). Note that eI(E ni )e will be mapped to e'I(E 3 n , )e' 

for some nonzero projection e' G I(E ,). So, from the commutative diagrams involving 
04(-),ir(-)) and by 13 4.10], there is a unitary W, G (P,-o^ m , )(l £l )P/ , (Pj0^ m , )(l £l ) 
such that Pj o (£1^ and Ad(Wj) o Pj o 7^ o fe o 77,'^ o ip± >m are approximately the same 
on P(J~i) to within e±. Set m(j) = to 2 . 

(c) Suppose Pj o (pi tTn i is not injective on H but Q(Pj ° (pi jn ' 2 ) is injective on Q(H). By 

Theorem 14. 141 (2 V there exists a unitary G (Pj o <^i, m ^)(l.E 1 )P^ (Pj ° ^i,m^)(l_Bi) such 
that Pj o y?i jm ' and Ad(Wj) o Pj o 7^ o ip' ^ o 77^ o (pi lUl are approximately the same on 
P(J-i) to within e^. Set m(j) = rn! 2 . 

(d) Suppose Pj o ipi t7n i is not injective on P and Q(Pj o ipi >m i )\q(h) — 0. Then by 
Theorem 14. 151 (2). there exists a unitary Wj G (Pj o (pi m2 )(l El )E J m , (Pj o (pi im > 2 )(l El ) such 
that Pj o ^?x,m' an( i Ad(Wj) o Pj o 7^ o ^ fe o jy^ o </Ji )ni are approximately the same on 
P(J-\) to within e\. Set m(j) = mj. 

(e) Suppose Pj o^i lTO ^ is not injective on H and Q(Pj °Vi,m')\Q(H) (but Q(H) ^ 0). 
Therefore, P is not a purely infinite simple C*-algebra. Let u be the canonical unitary 
generator of Q(H). Since Pj o </?i. m ^ is not injective on P, Pj o y>i )m / factors through Q(H). 
Let k be the homomorphism from Q(H) to P^ n , induced by Pj o ^i, m ^. The commutativity 

at the level of (V*(-),K (•)) shows that Pj o 7^ o ^ fe o 77^ o |# also factors through 
Q(H). Denote the induced map by k 1 . Let tix = n(u) and M2 = k'(u). Note that [ui] = 
[u 2 ] in Ki((Pj o (pi rn ^)(l El )E^ n , (Pj o fi,m 2 )(l El )) an d ui,u 2 are map to the same element 

mQ((PjO<pi tm , 2 )(l El )E 3 m ^(P J oLp l m , 2 )(l El )). Ifsp(lfi) =sp(u 2 ) = S 1 , byLemmaEU there 
exists a unitary Wj G I((P J oip 1 tTn 0(l El )E J m , (Pj °<Pi, m ' a ){lEi)) such that IjWj^Wy < 
ei. Set m(j) = m' 2 . 

Suppose sp(ui) ^ S 1 or sp(zi2) 7^ S" 1 . Then m and U2 are connected to the identity in 
the unitary group of (Pj o tp 1>m , )(l El )E 3 , {Pj o <^i, m ' )(l Bl ). Since RR(E) = 0, by [H 5], 



there exists m(j) > mj, such that yj m ' >m (j) ( u i) 



< ^ for i = 1,2, where i>i, 7J2 are 
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unitaries in (Pj o ip 1 . m ^^)(lE 1 )E 1 m , (Pj o ip 1 . m ^)(lE 1 ) with finite spectrum. By replacing Ui 
by Vi for i = 1, 2, we obtain two homomorphisms hi, ha : H — > (Pj o </?i, m (j))(ls 1 )-E^ n / (Pj o 
Vi,m(i))(lsi) such that /ii and </J{ lim (j) |h are approximately the same to within ^ onP(Pi) 
and hi and P,- 07^ °<p' n kl °T)' ni ol fi 1 ,n 1 \h are approximately the same to within 4^ on P(Pi). 
It follows from Theorem l4. 151 (1) that there exists a unitary Wj E (PjOi^ ^-^(l^jP^, (P,o 
Vi,m(i))(lEi) such that Pj o ^i, TO y) and Ad(Wj) o Pj o o(/3 m / )m(i) o 7^ o <^ lfcl o 77^ o <p 1>ni 
are approximately the same on P(Pi) to within e\. Set m(j) = mj. 

If m'2 H = maxj{m(j)}, then by the above observations, there exists a unitary W E 

(¥>l,m£ P)(lBi)Pm^'(¥ , l,mi' ^XLeJ SUCn that 

||^l,mi'(/) - Ad(VK) o if m ^ m n 07^ o ^ i]fei 077^ o </5i, ni (/)|| < £! 

for all / E P(Pi). Then let m 2 = maxjm^}, where the maximum is taken over all direct 
summands of Pi. So <pi, m2 an d L Pm' 2 .m 2 °7fe 1 ot p' ni k t 07 ?ni °yi,ni are approximately unitarily 
equivalent on T\ to within t\. Hence, there exists U E U(E m2 ) such that if 771 = 77^ otp l ni 
and 71 = Ad([7) o ip m ^ m2 o 7^ o fci , then (/Ji ifra2 and 71 o rji are approximately the same 
on Pi to within t\. 

Let # = P ni U 7/1 (Pi), let g 2 = P m2 U <^i, m2 (Pi) U 71 {G[), and let {P m2 , 4 }^i 2) be the 
summands of P m2 . Let 82,1 > be the positive number that is given in Theorem 14 . 1 41 which 
corresponds to E l m2 , and the image of Q2 in E l m2 . Let < 82 < min{^ 2 ,i}, where the 
minimum is taken over all direct summands of P m2 . By |12l 1.4.14], there exists l 2 > m 2 
such that Q(f m2 ,i 2 )(G 2 ) is weakly approximately constant to within 52/140. By |121 1.4.14], 
we get n' 2 > 1% such that Q( t Pi 2 ,n 2 ){ 7T i 2 {3~i 2 U i Pm 2 ,i 2 (G2))) is weakly approximately constant 
to within S 2 /U0. 

Note Q(<p[, fc 1 )( 7r '( ( ( c rii,ii is weakly approximately constant to within Ai/140. Hence, 

by ^1 2.29 and 3.25], there exists > n' 2 such that Q(<fi' , m ) and Q( ( Pn' 2 ,7n°Vn 2 °Ad(J7) o 
i Pm 2 ,n' °lk 1 OL PV M ) ar e approximately unitarily equivalent to within Ai/2 on ir',, (<p ni .i' {Q'i)) 
for any m > n%. Set Ki = Ad(U) o (p m2 . n ; 2 o 7^ o ^/ )fel . 

By the choice of l[ and ki , then using the same argument as above we get a positive integer 
n 2 > n 2 ' and a unitary V E P^ 2 such that (f/ nijna and Ad(V) o ip n ^ n2 o 77^, o </3 m2i „ 2 o 71 are 
approximately the same on / E G[ to within £2. 

Set 7/ 2 = Ad(V) o <p n > 2>n2 o 77^, o (p m2 . n > 2 and k 2 = Ad(V) o ^ )fl2 ° 77^. Then the following 
diagram: 



E 1 


* Pn 2 




ti. 










m 




E 


t 


^E 


t 

n 2 



is approximately commutative on Pi to within ei for the upper triangle and is approxi- 
mately commutative on Pi U 771 (Pi) to within &2 for the lower triangle. Furthermore, the 
homomorphism 77 2 can be rewritten as ^ n3 ° Vn 2 ¥>ro 2 ,n 2 or k 2 o ip m2 , n > 2 . 

The choice of 1% and n' 2 ensures that the above construction can continue. Therefore, we 
get the following approximately intertwining diagram: 



Ej 


->■ E m 




71 






m 








E 


/ 

11 


-^E 


1 



Hence, there exists a unital isomorphism ip : E — > E' such that ip induces a. □ 
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Corollary 6.2. Suppose Ki(I(E n )) = = Ki(I(E' n )) for all n e Z> in Theorem\jn] If 

a : V*(E) — y V,(E') is an isomorphism such that a«([ls]) = \\e']> then there exists a unital 
isomorphism ip : E — > E' such that tp induces a. 

Proof. Since K±(I(E)) = K\(I(E')) = 0, there exists an isomorphism (ft, ft) from 
(V*(E),K(E)) to (V*(E), K(E)) such that ft = a. Now apply Theorem IO □ 

Remark 6.3. Every unital AT-algebra with real rank zero is an _4£o-alg e bra with real rank 
zero. 

Proof. Let Q n = -Mfe(j) (C(S' 1 )) and let Q = lim(Q„, tjjn,n+i) be an AT-algebra. Take 

E' to be an £o-algebra such that E' is a trivial extension and Q(E') = C(S' 1 ). Set £?„ = 
©j=i ^k{j){E r ). Let 7r„ : £? n — » Q n be the quotient map. Since is a trivial extension, 
there exists a unital monomorphism j n : Q n — > £?„ such that j n ° 7T n is the identity map 
on £"„. Define ip n ,n+i from JS„ to i?„ + i by ^ n ,n+i = in+i ° 4>n,n+i ° n n - Then £7 = 
]im(E n , (p n>n +i) is an A£o-algebra, such that E = Q. □ 

Remark 6.4. Every unital separable amenable purely infinite simple C*-algebra satisfying 
the UCT with torsion free K\ is an _4£cr algebra. See ^] and |23| . 

References 

[1] B. Blackadar, K-Theory for operator algebras, second ed., Mathematical Sciences Research Institute 

Publications, vol. 5, Cambridge University Press, Cambridge, 1998. 
[2] L.G. Brown, Stable isomorphisms of hereditary subalgebras of C*-algebras, Pacific J. Math. 

71(1977), no. 2, 335-348. 

[3] J. Cuntz, Simple C*-algebras generated by isometries, Comm. Math. Phys. 57(1977), no. 2, 173- 
185. 

[4] J. Cuntz, K-THEORY FOR CERTAIN C*- ALGEBRAS, Ann. Math. 113(1981), no. 1, 181-197. 

[5] M. Dadarlat and G. Gong, A CLASSIFICATION RESULT FOR APPROXIMATELY HOMOGENEOUS C* -ALGEBRAS 
OF REAL RANK ZERO, Geom. Funct. Anal. 7(1997), no. 4, 646-711. 

[6] M. Dadarlat and T. Loring, A universal multicoefficient theorem for the Kasparov groups, 
Duke Math. J. 84(1996), no. 2, 355-377. 

[7] E.G. Effros, Dimensions and C*-algebras, CBMS Regional Conference Series in Mathematics, vol. 46, 
Conference Board of the Mathematical Sciences, Washington, D.C., 1981. 

[8] G.A. Elliott, On the classification of inductive limits of sequences of semisimple finite- 
dimensional ALGEBRAS, J. Algebra 38(1976), no. 1, 29-44. 

[9] G.A. Elliott, On the classification of C*-algebras of real rank zero, J. Reine Angew. Math. 
443(1993), 179-219. 

[10] G.A. Elliott, Normal elements of simple C*-algebras, Algebraic methods in operator theory, 
Birkhauser Boston, Boston, MA, (1994), pp. 109-123. 

[11] G.A. Elliott, The classification problem for amenable C*-algebras, Proceedings of the International 
Congress of Mathematicians, Vol. 1, 2 (Zurich, 1994) (Basek), Birkhauser, 1995, pp. 922-932. 

[12] G.A. Elliott and G. Gong, On the classification of C*-algebras of real rank zero. II, Ann. of 
Math. (2) 144(1996), no. 3, 497-610. 

[13] E. Kirchberg, The Classification of purely infinite simple C*-algebras using Kasparov's The- 
ory, 3rd draft (1994). 

[14] H. Lin, Exponential rank of C*-algebras of real rank zero and Brown-Pedersen's Conjec- 
tures, J. Funct. Anal. 114(1993), no.l, 1-11. 

[15] H. Lin, On the Classification of C*-algebras of real rank zero with zero K\, J. Operator 
Theory 35(1996), no.l, 147-178. 

[16] H. Lin, Extensions of C(X) by simple C*-algebras of real rank zero, Amer. J. Math. 119(1997), 
no. 6, 1263-1289. 

[17] H. Lin, A Classification Theorem for Infinite Toeplitz Algebras, Operator algebras and operator theory 
(Shanghai, 1997), Contemp. Math., vol. 228, Amer. Math. Soc, Providence, RI, 1998, pp. 219-275. 

[18] H. Lin, Stable approximate unitary equivalence of homomorphims, J. Operator Theory 47(2002), 
no. 2, 343-378. 



EXTENSIONS OF CIRCLE ALGEBRAS BY PURELY INFINITE C*-ALGEBRAS 



31 



[19] H. Lin, A separable Brown-Douglas-Fillmore theorem and weak stability, Trans. Amer. Math. 
Soc. 356(2004), no. 7, 2889-2925 (electronic). 

[20] H. Lin and H. Su, CLASSIFICATION OF DIRECT LIMITS OF generalized Toeplitz algebras, Pacific J. 
Math. 181(1997), no. 1, 89-140. 

[21] G.K. Pederson, C*-algebras and their automorphisms groups, London Mathematical Society Mono- 
graphs, vol. 14, Academic Press Inc. [Harcourt Brace Jovanovich Publishers], London, 1979. 

[22] N. C. Phillips, Approximation by unitaries with finite spectrum in purely infinite simple C*- 
algebras, J. Fund. Anal. 120(1994), no. 1, 98-106. 

[23] N.C. Phillips, A classification theorem for nuclear purely infinite simple C*-algebras, Doc. 
Math. 5(2000), 49-114 (electronic). 

[24] M. R0rdam, Classification of certain infinite simple C*-algebras, J. Fund. Anal. 131(1995), 
no. 2, 415-458. 

[25] M. R0rdam and E. St0rmer, Classfication of nuclear C*-algebras. Entropy in operator algebras, En- 
cyclopaedia of Mathematical Sciences, vol. 126, Springer- Verlag, Berlin, 2002, Operator Algebras and 
Non-commutative Geometry, 7. 

[26] J. Rosenberg and C. Schochet, The K-unneth theorem and the universal coefficient theorem 
for Kasparov's generalized K-functor, Duke Math. J. 55(1987), no. 2, 431-474. 

[27] C. Schochet, Topological methods for C*-algebras III: Axiomatic Homology, Pacific J. Math. 
114(1984), no. 2, 399-445. 

[28] N. E. Wegge-Olsen, K -theory and C* -algebras, Oxford Univ. Press, New York, 1993. 

[29] S. Zhang, Xi-Groups, quasidiagonality, and interpolation by mulitiplier projections, Trans. 
Amer. Math. Soc. 325(1991), no. 2, 793-818. 

[30] S. Zhang, Certain C*-algebras with real rank zero and the internal structure of their corona and 
multiplier algebras, Part I, Pacific J. Math. 155(1992), no. 1, 169-197. 

[31] S. Zhang, Certain C*-algebras with real rank zero and the internal structure of their 
corona and multiplier algebras, Part II, K-Theory 6(1992), no. 1, 1-27. 

Department of Mathematics, University of Toronto, 40 St. George St., Toronto, Ontario 
M5S 2E4 CANADA 

E-mail address: eruiz<Smath.utoronto.edu 



